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Textbook

Algorithms

e Sanjoy Dasgupta
e San Diego Christos Papadimitriou
® Umesh Vazirani

® McGraw-Hill, 2007.
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Reference Book

Algorithm Design

* Jon Kleinberg, Eva Tardos
® Addison-Wesley, 2005.
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Reference Book

Introduction to Algorithms

® Thomas H. Cormen
® Charles E. Leiserson
® Ronald L. Rivest

e Clifford Stein

® The MIT Press (3rd edition), 2009.
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0% Attendees.

40% Homework.

® Eight assignments.
e Each one is 5pts.
* Work out individually.

e Each assignment will be evaluated by A, B, C, D, F (Excellent(5), Good(5), Fair(4), Delay(3),
Fail(0))

60% Final exam.
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Two Things Change the World
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Johann Gutenberg
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In 1448 in the German city of Mainz a goldsmith
named Johann Gutenberg discovered a way to
Johann Gutenberg (1398 - 1468)

print books by putting together movable metallic
pieces.
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Bi Shéng (972-1051)

7\ SHANGHAI JIAO TONG
UNIVERSITY

Bi Shéng was a Chinese artisan, engineer, and
inventor of the world’s first movable type
technology, with printing being one of the Four
Great Inventions of Ancient China.
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Because of the typography, literacy spread, the Dark Ages ended, the human intellect was liberated,
science and technology triumphed, the Industrial Revolution happened.

Many historians say we owe all this to typography.

Others insist that the key development was not typography, but algorithms.
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Decimal System
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Gutenberg would write the number 1448 as MC DXLV III.

How to add two Roman numerals? What is
MCDXLVIII +DCCCXII

The decimal system was invented in India around AD 600. Using only 10 symbols, even very large
numbers were written down compactly, and arithmetic is done efficiently by elementary steps.
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Al Khwarizmi
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Al Khwarizmi (780 - 850)

In the 12th century, Latin translations of his work on the

Indian numerals, introduced the decimal system to the
Western world. (Source: Wikipedia)
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Algorithms SHANGHALI JIAO TONG

Al Khwarizmi laid out the basic methods for

® adding,
* multiplying,
e dividing numbers,

extracting square roots,

calculating digits of .
These procedures were precise, unambiguous, mechanical, efficient, correct.

They were algorithms, a term coined to honor the wise man after the decimal system was finally
adopted in Europe, many centuries later.
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Chongzhi ZU

Chongzhi ZU (429 — 500)
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A Chinese astronomer, inventor, mathematician,
politician, and writer during the Liu Song and
Southern Qi dynasties. He was most notable for
calculating 7 as between 3.1415926 and

3.1415927, a record in precision which would not
be surpassed for nearly 900 years.
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What Is An Algorithm
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What Is An Algorithm

R

A step by step procedure for solving a problem or accomplishing some end. '

An abstract recipe, prescribing a process which may be carried out by a human, a ‘
computer or by other means.

Any well-defined computational procedure that makes some value, or set of values, as ‘
input and produces some value, of set of values, as output. An algorithm is thus a
finite sequence of computational steps that transform the input into the output.
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What Is An Algorithm
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An algorithm is a procedure that consists of
e a finite set of instructions which,

e given an input from some set of possible inputs,

® enables us to obtain an output through a systematic execution of the instructions
e that terminates in a finite number of steps.

A program is

® an implementation of an algorithm, or algorithms.
® A program does not necessarily terminate.
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Fibonacci Algorithm
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Leonardo Fibonacci
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Leonardo Fibonacci

(1170 - 1250)

Fibonacci helped the spread of the decimal system in Europe, primarily through the publication in
the early 13th century of his Book of Calculation, the Liber Abaci. (Source: Wikipedia)
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Fibonacci Sequence
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0,1,1,2,3,5,8,13,21,34, ... '

Formally,
0 if n=0
F,=41 if n=1
Fn1+F, > ifn>1

Q: What is Figo or F200? ;
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An Exponential Algorithm

FIBOL (n)
a nature number n;

if » = 0 then return (0);
if » = 1 then return (7);
return (FIBO1l (n — 1) +FIBO1l (n —2));
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Three Questions about An Algorithm
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© Is it correct?

® How much time does it take, as a function of n?
©® Can we do better?

The first question is trivial, as this algorithm is precisely Fibonacci’s definition of F,
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How Much Time
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Let T'(n) be the number of computer steps needed to compute FIB01(n)
Forn <1,
T(n) <2
Forn > 1,

Tn)=Tn—-1)+T(n—-2)+3
It is easy to shown, for all n € N,

It is exponential to n.

«0>» «F» « >

i
v

DA



Why Exponential Is Bad?

3
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T(200) > Fago > 2% =~ 2.56 x 10**
Center in Tianjin.

In 2010, the fastest computer in the world is the Tianhe-1A system at the National Supercomputer
Its speed is

steps per second.

2.57 x 10'°

Thus to compute Fboo Tianhe-1A needs roughly

10%” seconds > 10?? years
In 2022, the fastest is Frontier, 1.102 x 10'® per second.
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Moore’s Law:

Computer speeds have been doubling roughly every 18 months.

The running time of FIBO1 is proportional to

20.694n ~1 6n
Thus, it takes 1.6 times longer to compute F, 41 than F,.

So if we can reasonably compute Fioo with this year’s technology, then next year we will manage
Fio1,andsoon...

Just one more number every year!

Such is the curse of exponential time.
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Three Questions
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© Is it correct?

® How much time does it take, as a function of n?
©® Can we do better?

Now we know FIB1(n) is correct and inefficient, so can we do better?
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An Polynomial Algorithm

FIBO2 (n)
a nature number n;

if » = 0 then return (0);
create an array f[0...n];
flo]=0; f1] =15
for:=2tfondo

| flil = fli -1+ fL - 20;

end

return (f[n]);
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An Analysis K¢
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The correctness of FIBO2 is trivial.

How long does it take?

The inner loop consists of a single computer step and is executed n — 1 times. Therefore the
number of computer steps used by FIB02 is linear in n.
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A More Careful Analysis (@) tiversrry T
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We count the number of basic computer steps executed by each algorithm and regard these basic
steps as taking a constant amount of time.

It is reasonable to treat addition as a single computer step if small numbers are being added, e.g.,
32-bit numbers.

The n-th Fibonacci number is about 0.694n bits long, and this can far exceed 32 as n grows.

Arithmetic operations on arbitrarily large numbers cannot possibly be performed in a single,
constant-time step.
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The addition of two n-bit numbers takes time roughly proportional to n (next lecture).

FIBO1, which performs about F,, additions, uses a number of basic step roughly proportional to nF,

The number of steps taken by FIB02 is proportional to n?, and still polynomial in n.

Q: Can we do better?

® Exercise 0.4
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Big O notation

(\j‘ HANGHAI JIAO TONG
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¢ g(n)
Upper bounds. f(n) is O(g(n)) if there exist
constants ¢ > 0 and no > 0 such that
0< f(n) <c-g(n)foralln > ne.

1y
Example

Let f(n) = 32n% + 17n + 1.

® f(n)is O(n?).

no

® f(n) is neither O(n) nor O(nlogn).

Typical usage. Insertion sort makes O(n?) compares to sort n elements
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)

@ SHANGHAI JIAO TONG
\d 7,

&

UNIVERSITY

R

Let f(n) = 3n? 4 17nlog, n + 1000. Which of the following are true?

A f(n)is O(n?).
B f(n)is O(n®).
C Both A and B.
D Neither A nor B.
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One-way “equality”. O(g(n)) is a set of functions, but computer scientists often write f(n) = O(g(n))
instead of f(n) € O(g(n)).

Example

Consider gi(n) = 5n° and g2(n) = 3n?.
® We have g;(n) = O(n®) and g2(n) = O(n®).
* But, do not conclude g1 (n) = ga(n).
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Reflexivity. f is O(f).

Constants. If fis O(g) and ¢ > 0, then ¢ f is O(g).

Products. If f1is O(g1) and f2 is O(g2), then f1 f2 is O(g192).

Proof.

® Jc; > 0andny > 0suchthat0 < fi(n) < ¢ -gi(n) foralln > n;.
® Jep > 0and ne > 0suchthat 0 < fo(n) < c2 - go(n) foralln > no.

® Then, 0 < fi(n) - fa(n) <eci-c2-gi(n) - g2(n) for all n > max{ni,na}.
Sums. If f1is O(g1) and f2 is O(g2), then f1 + f2 is O(max{g1,g2}).
Transitivity. If fis O(g) and g is O(h), then fis O(h).

Ex. f(n) = 5n® +3n% + n 4 1234 is O(n?).
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Lower bounds. f(n) is Q(g(n)) if there exist constants ¢ > 0 and o

ng > 0 such that f(n) > c-g(n) > 0 forall n > ng.

Ho n

Example
Let f(n) = 32n% 4+ 17n + 1.

® f(n)is both Q(n?) and Q(n).
® f(n)is not Q(n®).

Typical usage. Any compare-based sorting algorithm requires Q(n log n) compares in the worst
case.
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Quiz
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Which is an equivalent definition of big Omega notation?
A f(n)is Q(g(n)) iff g(n) is O(f(n)).

B f(n)is Q(g(n)) iff there exist constants ¢ > 0 such that

for infinitely many n.

f(n)>c-g(n) >0
C Both A and B.

D Neither A nor B.
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Big O notation
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Tight bounds. f(n) is ©(g(n)) if there exist constants
c1 > 0,ce >0, and ng > 0 such that

2 g(n)
fn)
0<ci-g(n) < f(n) <cz-g(n)foralln > ne.
Example

c1g(n)

Let f(n) = 32n% + 17n + 1.
e f(n)is O(n?).

no

® f(n) is neither ©(n?) nor Q(n).

Typical usage. Mergesort makes ©(nlogn) compares to sort n elements
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Quiz
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Which is an equivalent definition of big Theta notation?

B f(n)is ©(g(n)) iff ILm fn)
C Both A and B.

A f(n)is ©(g(n)) iff f(n)is both O(g(n)) and Q(g(n)).
g(n)

= ¢ for some constant 0 < ¢ < +oco
D Neither A nor B.
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Proposition

If lim g(—z)) = ¢ for some constant 0 < ¢ < oo then f(n) is O(g(n)).
n— oo

Proof.

By definition of the limit, for any € > 0, there exists no such that

f(n)

—e<—=<<c+e
T
for all n > no.
Choose ¢ = 1/2¢ > 0.
Multiplying by g(n) yields 1/2¢ - g(n) < f(n) < 3/2c- g(n) for all n > no.

Thus, f(n) is ©(g(n)) by definition, with ¢c; = 1/2c and ¢z = 3/2c.
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Asymptotic bounds and limits

Proposition
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I lim ; EZ)) =0, then f(n) is O(g(n)) but not Q(g(n)).

Proposition
If lim M

n—oo g(n)

= oo, then f(n) is Q(g(n)) but not O(g(n)).
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Asymptotic bounds for some common functions
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Polynomials. Let f(n) = ao + ain + ... + agn® with aq > 0. Then, f(n) is ©(n?)

UNIVERSITY
d

. ap+aim—+ ...+ aqn

lim

n—oo

=aq >0
nd

Logarithms and polynomials. log, n is O(n®) for every a > 1 and every d > 0.

lim logj;” =0
n

n—00

Exponentials and polynomials. n® is O(r™) for every r > 1 and every d > 0.
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Asymptotic bounds for some common functions
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Factorials. n! ig 29" 1™

Stirling’s formula:

n! ~

an(g)"
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Upper bounds. f(m,n) is O(g(m, n)) if there exist constants ¢ > 0, mg > 0, andng > 0 such that
f(m,n) <c-g(m,n) foralln > ne and m > mo.

Example

f(m,n) = 32mn? + 17mn + 32n>.
® f(m,n)is both O(mn? 4+ n*) and O(mn?).
® f(m,n) is neither O(n®) nor O(mn?).

Typical usage. Breadth-first search takes O(m + n) time to find a shortest path from sto t in a
digraph with n nodes and m edges.
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Two Seemingly Similar Problems
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Factoring: Given a number N, express it as a product of its prime factors.

Primality: Given a number N, determine whether it is a prime.

We believe that Factoring is hard and much of the electronic commerce is built on this assumption
Nitin Saxena.

There are efficient algorithms for Primality, e.g., AKS test by Manindra Agrawal, Neeraj Kayal, and
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A Notable Result
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The AKS primality test is a deterministic primality-proving algorithm created and published by
Manindra Agrawal, Neeraj Kayal, and Nitin Saxena, computer scientists at the Indian Institute of
Technology Kanpur, on August 6, 2002, The algorithm was the first to determine whether any given

number is prime or composite within polynomial time. The authors received the 2006 Gddel Prize
and the 2006 Fulkerson Prize for this work.
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How to Represent Numbers

3
SHANGHALI JIAO TONG
mey" UNIVERSITY

We are most familiar with decimal representation:
* 1024

But computers use binary representation:
10...0
° SN——

10 times

choosing large base?

The bigger the base is, the shorter the representation is. But how much do we really gain by
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Bases and Logs
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Q: How many digits are needed to represent the number N > 0 in base b?

[log, (N +1)]
Q: How much does the size of a number change when we change bases?

log, N — log, N

In O notation, the base is irrelevant, and thus we write the size simply as O(log N)
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Roles of Log N

R
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log N is the power to which you need to raise 2 in order to obtain N.
[log N'.)

It can also be seen as the number of times you must halve N to get down to 1. (More precisely:

It is the number of bits in the binary representation of N. (More precisely: [log (N + 1)].)

It is also the depth of a complete binary tree with N nodes. (More precisely: |log N].)
Itiseventhe sum1+1/2+1/3 + ...+ 1/n, to within a constant factor.
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Addition

P
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The sum of any three single-digit number is at most two digits long.
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Addition

This rule holds not just in decimal but in any b > 2.

In binary, the maximum possible sum of three single-bit numbers is 3, which is a 2-bit number.
This simple rule gives us a way to add two numbers in any bases.
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AdditiOl‘l SHANGHALI JIAO TONG

Q: Given two binary number = and y, how long does our algorithm take to add them?

The answer expressed as a function of the size of the input: the number of bits of = and y (suppose
they are n bit long).

The sum of x and y is n + 1 bits at most. Each individual bit of this sum gets computed in a fixed
amount of time.

The total running time for the addition is of form ¢y + ¢1 n, where ¢y and ¢; are some constants, i.e.,
O(n).
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Addition
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Q: Can we do better?
In order to add two n-bit numbers, we must read them and write down the answer, and even that

requires n operations.

So the addition algorithm is optimal.
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Perform Addition in One Step? ) oy T

A single instruction we can add integers whose size in bits is within the word length of today’s
computer - 64 perhaps.

It is often useful and necessary to handle numbers much larger than this, perhaps several thousand
bits long.

To study the basic algorithms encoded in the hardware of today’s computers, we shall focus on the
bit complexity of the algorithm, the number of elementary operations on individual bits.
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The grade-school algorithm for multiplying two
number x and y is to create an array of
intermediate sums.

If x and y are both n bit, then there are n
intermediate rows with length of up to 2n bit.
(Q: why?)
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Quiz
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What is the complexity of a number times 27

«O» «F»

it
v
a
i
v

DA



UNIVERSITY

- - - - - (1‘ HANGHALI JIAO TONG
Multiplication by Al Khwarizmi gs jeor

® write them next to each other.

® halve the first number by 2, dropping the .5,
and double the second number.

® keep going till the first number gets down to
1.

e strike out all the rows where the first number
is even.

® The left is to calculate the binary
® add up the remains in the second columns. number.

® The right is to shift the row!

«O0>» «F» «=)» <

i
v
it

DA



Multiplication a la Frangis

MULTIPLY (x, y)

Two n-bit integers x and y, where y > 0;
if y = 0 then return 0;

2z=MULTIPLY (z, |y/2]);

if y is even then

return 2z;
else return z + 2z;
end

Another formulation:

_J2(z- y/2)]) if y is even
“ e +2( [y/2)) ityisodd
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Q: How long does the algorithm take?
It will terminate after n recursive calls, since at each call y is halved
At each call requires these operations:
e adivision by 2 (right shift);
* a test for odd/even (looking up the last bit);

® a multiplication by 2 (left shift);
® and a possibly one addition.

A total operations are O(n), The total time taken is thus O(n?).

Q: Can we do better?

® Yes!

«O0>» «F>» «=)» <

i
v
it

DA



Division

DIVIDE (x, y)
Two n-bit integers x and y, where y > 1;

if - = 0then return (0, 0);
(¢,7)=DIVIDE (|z/2], y);
q=2-q,7r=2-7;

if v is oddthenr =r 4 1;
ifr>ythenr=r—y,q=q+1;
return(q, r);

Q: How long does the algorithm take?
® Exercise 1.8!
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Modular Arithmetic
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Modular arithmetic is a system for dealing with restricted ranges of integers.

2 modulo N is the remainder when z is divided by N; thatis, if x = gN +r with 0 < r < N, then x
modulo N is equal to r.

z and y are congruent modulo N if they differ by a multiple of IV, i.e.

r=y mod N <& N divides (z —y)
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Two Interpretations
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@ It limits numbers to a predefined range {0, 1, ..., N} and wraps around whenever you try to
leave this range - like the hand of a clock.

® Modular arithmetic deals with all the integers, but divides them into N equivalence classes,
each of the form {i + k- N | k € Z} for some i between 0 and N — 1.
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Two’s Complement

ey
signed integers.

Modular arithmetic is nicely illustrated in two’s complement, the most common format for storing

SHANGHAI JIAO TONG
UNIVERSITY

It uses n bits to represent numbers in the range

277,71’ 271,71 -1
and is usually described as follows:

e Positive integers, in the range 0 to 2"~ — 1, are stored in regular binary and have a leading bit
of 0.

® Negative integers —z, with 1 < = < 2", are stored by first constructing = in binary, then
flipping all the bits, and finally adding 1. The leading bit in this case is 1.
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Two’s Complement

0 0 0 0O

0
0 0 0 0 0 0 O

o o o

0o 0 0 0 O

-127
-128

00 0 00 0 1
0o 0 0 0 0

0 0

1
1

(from wiki)
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Substitution rules: if = 2’ mod N and y =3’ mod N, then

z+y=z' +y mod N
zy =2’y mod N

z+y+z)=(x+y) +=2 mod N  Associativity
Ty = yx mod N  Commutativity
z(y+2) =zy + x2 mod N Distributivity

It is legal to reduce intermediate results to their remainders modulo N at any stage.

329 =1% =1 mod 31

9345 = (2569
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Modular Addition
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Since x and y are each in the range 0 to N — 1,their sum is between 0 and 2(N — 1).

If the sum exceeds N — 1, we merely need to subtract off N to bring it back into the required range

The overall computation therefore consists of an addition, and possibly a subtraction, of numbers
that never exceed 2N.

Its running time is O(n), where n = [log N.
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Modular Multiplication
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The product of 2 and y can be as large as (N — 1)?, but this is still at most 2n bits long since

log (N —1)* =2log (N — 1) < 2n
To reduce the answer

mod N, we compute the remainder upon dividing it by N.
Multiplication thus remains a quadratic operation.
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Modular Division \ niversiry e

Not quite so easy!

In ordinary arithmetic there is just one tricky case - division by zero.

It turns out that in modular arithmetic there are potentially other such cases as well

Whenever division is legal, however, it can be managed in cubic time, O(n®).
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In the cyptosystem, it is necessary to compute z¥ ( mod N) for values of z, y, and N that are
several hundred bits long.

The result is some number mod N and is therefore a few hundred bits long. However, the raw
value z¥ could be much, much longer.

When z and y are just 20-bit numbers, =¥ is at least

(219)(219) — 9(19)(524288)

about 10 million bits long!
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Modular Exponentiation

R
r*{‘ SHANGHAI JIAO TONG
N4/ UNIVERSITY

To make sure the numbers never grow too large, we need to perform all intermediate computations
modulo N.

First idea: calculate z¥ mod N by repeatedly multiplying by = modulo N.
The resulting sequence of intermediate products,

z mod N —2° mod N—2° mod N—...—>2Y modN

consists of numbers that are smaller than N, and so the individual multiplications do not take too
long.

But imagine if y is 500 bits long . . .
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Modular Exponentiation

Second idea: starting with = and squaring repeatedly modulo N, we get

gllogy]

z mod N — 2> mod N—2* mod N ->2° mod N —...x mod N

Each takes just O(log® N) time to compute, and in this case there are only log y multiplications.

To determine ¥ mod N, multiply together an appropriate subset of these powers, those
corresponding to 1’s in the binary representation of y.

For instance,
25 _ 11001p __ 100005 10002 1o _ 16 8 1
X =T = - - =T .
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Modular Exponentiation

MODEXP (z, y, N)
Two n-bit integers x and N, and an integer exponent y;

if y = 0 then return 1;
2z=MODEXP (z, |y/2], N);
if y is even then

return 22 mod N;

else return z - 22 mod N;

end

Another formulation:

(/22 mod N if y is even

z¥ mod N =
{a:-(:tcLy/QJ)2 mod N if y is odd
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MODEXP (x, y, N)
Two n-bit integers x and N, and an integer exponent y;

if y = 0 then return 1;
2=MODEXP (z, |y/2], N);
if y is even then

return z2 mod N;

else return z - 22 mod N;

end

The algorithm will halt after at most n recursive calls, and during each
call it multiplies n-bit numbers. for a total running time of O(n®)
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Euclid’s Algorithm for Greatest Common Divisor
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Q: Given two integers x and y, how to find their greatest common divisor (ged(z, y))?

Proof:

If z and y are positive integers with > y, then ged(z,y) = ged(z ( mod y),y).

subtracting y from z.

It is enough to show the rule ged(z,y) = ged(x — y,y). Result can be derived by repeatedly
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Euclid’s Algorithm for Greatest Common Divisor

EUCLID (z, y)

Two integers x and y with x > y;
if y = 0 then return z;
return (EUCLID (y, x mod ¥y));

Ifa >b>0,thena mod b < a/2

Proof:

e ifb<a/2,a modb<b<a/2;
®ifb>a/2,a modb=a—-b<a/2.
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Euclid’s Algorithm for Greatest Common Divisor

EUCLID (z, y)
Two integers x and y with x > y;

if y = 0 then return z;
return (EUCLID (y, z mod y));

Ifa>b>0,thena mod b < a/2

This means that after any two consecutive rounds, both arguments, x
and y are at the very least halved in value, i.e., the length of each
decreases at least one bit.
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Euclid’s Algorithm for Greatest Common Divisor

EUCLID (z, v)
Two integers x and y with x > y;

if y = 0 then return z;
return (EUCLID (y, x mod ¥y));

Ifa >b>0,thena mod b < a/2

If they are initially n-bit integers, then the base case will be reached

within 2n recursive calls. Since each call involves a quadratic-time
division, the total time is O(n?).
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An Extension of Euclid’s Algorithm
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Q: Suppose someone claims that d is the greatest common divisor of 2 and y, how can we check

It is not enough to verify that d divides both = and y.. .

If d divides both = and y, and d = ax + by for some integers a and b, then necessarily d = gcd(x,y).
Proof:

d < ged(z,y), obviously;

d > gcd(z,y), since ged(x,y) can divide z and y, it must also divide az + by = d.
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An Extension of Euclid’s Algorithm

EXTENDED-EUCLID (z, y)
Two integers x and y withx > y > 0;

if y = 0then return (1,0, z);
(z', ¥, d)=EXTENDED-EUCLID (y, z ( mod y));
return(y’, ' — |z/yly’, d);

Correctness of the algorithm? ‘
DIY!
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Modular Inverse

3
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We say z is the multiplicative inverse of a mod N if

ar=1 mod N
There can be at most one such z mod N, denoted a™

1

Remark: The inverse does not always exists! for instance, 2 is not invertible modulo 6.
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Modular Inverse
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Ifgcd(a, N) > 1, thenax #1 mod N.

Proof:

ar mod N = azx + kN, then gcd(a, N) divides az mod N

If ged(a, N) = 1, then extended Euclid algorithm gives us integers x and y such that ax + Ny = 1,
which means az =1 mod N. Thus z is a’s sought inverse.
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Modular Division
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Theorem (Modular Division Theorem)

For any a mod N, a has a multiplicative inverse modulo N if and only if it is relatively prime to N

When the inverse exists, it can be found in time O(n®) by running the extended Euclid algorithm.

This resolves the issues of modular division: when working modulo N, can divide by numbers
relatively prime to N. And to actually carry out the division, multiply by the inverse.
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Fermat’s Little Theorem

SHANGHAI ]lAO TONG
Ifp is a prime, then for every 1 < a < p,

Mo UNIVERSITY

Proof:

Let S ={1,2,...,p — 1}, then multiplying these numbers by a (mod p) is to permute them.
a.i (mod p) are distinct for ¢ € S, and all the values are nonzero.

multiplying all numbers in each representation, then gives (p — 1)! = a»~Y.(p — 1)! (mod p), and thus
1=a®"" (mod p)
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A (Problematic) Algorithm for Testing Primality

PRIMALITY (V)
Positive integer N;

Pick a positive integer a < N at random;
if ! =1 (mod V) then

return yes,;

else return no;

end
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A (Problematic) Algorithm for Testing Primality
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The problem is that Fermat’s theorem is not an if-and-only-if condition.

® e.g.341 =11-31, and 2**° = 1 (mod 341)

Our best hope: for composite IV, most values of a will fail the test.

Rather than fixing an arbitrary value of a, we should choose it randomly from {1,

LN -1}
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Carmichael Number
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There are composite numbers N such that for every a < N relatively prime to N,

Example:

561 =3-11-17
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Ifa™ =1 # 1 (mod N) for some a relatively prime to N, then it must hold for at least half the choices of
a<N.

Proof:
Fix some value of a for which ™" ~! # 1( mod N).
Assume some b < N satisfies b ! = 1( mod N), then
(a-B)N =V N =0T £1( mod N)

For b # b/, we have
a-b#a-b mod N

The one-to-one function b — a - b( mod N) shows that at least as many elements fail the test as
pass it.

>
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Primality Testing without Carmichael Numbers

3
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We are ignoring Carmichael numbers, so we can assert,

e If N is not prime, then ¥ ! =

e If Nisprime,thena™ ' =1 mod Nforalla < N

1 mod N for at most half the values of a < N.
Therefore, (for non-Carmichael numbers)

® Pr(PRIMALITY returns yes when N is prime)= 1

® Pr(PRIMALITY returns yes when N is not prime)< 1/2
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Primality Testing with Low Error Probability
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PRIMALITY2 (NV)
Positive integer N;

Pick positive integers a1, ...,ar < N at random;
if (12\171 =1 mod N foralll <i<kthen

return yes;
else return no;
end

® Pr(PRIMALITY2 returns yes when N is prime)= 1

® Pr(PRIMALITY2 returns yes when N is not prime)< 1/2F
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Generating Random Primes
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Let w(x) be the number of primes < z. Then ©(z) ~ z/in(z), or more precisely,

Such abundance makes it simple to generate a random n-bit prime

® Pick a random n-bit number V.

® Run a primality test on N.

e [f it passes the test, output V; else repeat the process.
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Q: How fast is this algorithm?

If the randomly chosen N is truly prime, which happens with probability at least 1/n, then it will
certainly pass the test.

On each iteration, this procedure has at least a 1/n chance of halting.

Therefore on average it will halt within O(n) rounds.

® Exercise 1.34!
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Monte Carlo Algorithm (MC):
* Always bounded in runtime
® Correctness is random

e Examples: Primary Testing

Las Vegas Algorithm (LV):
® Always correct

® Runtime is random (small time with good probability)
e Examples: Quicksort, Hashing
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The Typical Setting for Cryptography
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Alice and Bob, who wish to communicate in private.

Eve, an eavesdropper, will go to great lengths to find out what Alice and Bob are saying

Even Ida, an intruder, will break the rules of communications positively.
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The Typical Setting for Cryptography TaveRsiry
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Alice wants to send a specific message z, written in binary, to her friend Bob.

e Alice encodes it as e(z), sends it over.
® Bob applies his decryption function d(.) to decode it: d(e(z)) = .
® Eve, will intercept e(z): for instance, she might be a sniffer on the network.

® |da, can do anything Eve does, he may also be able to pretend to be Alice or Bob.

Ideally, e(z) is chosen that without knowing d(.), Eve cannot do anything with the information she
has picked up.

IOW, knowing e(x) tells her little or nothing about what = might be.
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For centuries, cryptography was based on what we now call private-key protocols. Alice and Bob
meet beforehand and choose a secret codebook.

Public-key schemes allow Alice to send Bob a message without having met him before.

Bob is able to implement a digital lock, to which only he has the key. Now by making this digital lock
public, he gives Alice a way to send him a secure message.
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Private-Key Schemes: One-Time Pad

An encryption function:

)
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e : (messages) — (encoded messages)
e must be invertible, and is therefore a bijection.

will later send.

e Alice and Bob secretly choose a binary string » of the same length as the message x that Alice
e Alice’s encryption function is then a bitwise exclusive-or

er(z)=xdr
® The function e, is a bijection, and it is its own inverse:

erler(z)=(x@dr)dr=a2a0=x
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Why Secure?
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Alice and Bob pick r at random.
about z.

This will ensure that if Eve intercepts the encoded message y = e, (), she gets no information
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Why One-Time Pad

One-time pad is impractical and unsafe when r is repeatedly used.

7\ SHANGHALI JIAO TONG
S 7" UNIVERSITY

Any one can get « & z when they know « & r and z & r.

e it reveals whether the two messages begin or end the same;
message will be exposed.

¢ if one message contains a long sequence of zeros, then the corresponding part of the other

If Ida is powerful enough that pretends to be Bob. ..

Therefore the random string that Alice and Bob share has to be the combined length of all the
messages they will need to exchange.
® Random strings are costly!

AES (advanced encryption standard)

® 128-bit fixed size.
® repeatedly use

P T

.

I T T T

T
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Public-Key Schemes (
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Anybody can send a message to anybody else using publicly available information, rather like
addresses or phone numbers.

Each person has a public key known to the whole world and a secret key known only to himself.
When Alice wants to send message = to Bob, she encodes it using his public key.

Bob decrypts it using his secret key, to retrieve x.

Eve is welcome to see as many encrypted messages, but she will not be able to decode them, under
certain assumptions.
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The RSA Cryptosystem: Fundamental Property ) Unnversimy
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Pick up two primes p and g and let N = pq.

For any e relatively prime to (p — 1)(¢ — 1):

® The mapping = — z° mod N is a bijection on {0,1,... N —1}.
® The inverse mapping is easily realized: let d be the inverse of e modulo (p — 1)(¢ — 1). Then for
allz e {0,1,...,N — 1},

(z)'=2 mod N

The mapping =z — ¢ mod N is a reasonable way to encode messages x. If Bob publishes (I, ¢)
as his public key, everyone else can use it to send him encrypted messages.

Bob retain the value d as his secret key, with which he can decode all messages that come to him by
simply raising them to the d-th power modulo N.
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Proof:

If the mapping © — =° mod N is invertible, it must be a bijection; hence statement 2 implies
statement 1.

To prove statement 2, observe that e is invertible modulo (p — 1)(¢ — 1) because it is relatively prime
to this number.

To show that ()% = 2 mod N: Since ed =1 mod (p — 1)(qg — 1), can write
ed=1+k(p—1)(¢g—1) for some k.

Then

(:r(i)d S o IO I

! TRP=D=D _ 2 s divisible by p (since zP~' =1 mod p) and likewise by . Since p and ¢ are
primes, this expression must be divisible by N = pq.
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RSA protocols

Bob chooses his public and secret keys:

® He starts by picking two large (n-bit) random primes p and q.
Alice wishes to send message x to Bob

® His public key is (IV, e) where N = pq and e is a 2n-bit number relatively prime to (p — 1)(¢ — 1)
® his secret key is d, the inverse of e modulo (p — 1)(qg — 1).

® She looks up his public key (V, ¢) and sends him y = (z° mod N)
¢ He decodes the message by computing ¢ mod N.
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Security Assumption of RSA

) SHANGHAI JIAO TONG
) UNIVERSITY

The security of RSA hinges upon a simple assumption

Given N, e and y = 2 mod N, it is computationally intractable to determine z.
How might Eve try to guess

this would take exponential time.

She could experiment with all possible values of x, each time checking whether ¢ = y mod N, but

How might Eve try to guess =

she could try to factor N to retrieve p and ¢, and then figure out d by inverting e modulo
(p — 1)(g — 1), but we believe factoring to be hard.
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Digital Signature
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A digital signature scheme is a mathematical scheme for demonstrating the authenticity of a digital
message or document.

In a digital signature scheme, there are two algorithms, signing and verifying.
A signing algorithm that, given a message and a private key, produces a signature.

A signature verifying algorithm that, given a message, public key and a signature, either accepts or
rejects the message’s claim to authenticity.
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Is Communication Safe?
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Is a communication safe in the internet when cryptography is unbreakable?
* No!
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The NSPK Protocol SHANGHM J1AO TONG

A—>BI {A7NA}+KB
B— A: {NA7NB}+KA
A— B: {NB}+KB
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An Attack

LEEELd

{A,Natik,
{A,Na}ikp
{Na,NB}iK,
{NA7 NB}+KA
{NB}+K1
{NB}+KB
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The Fixed NSPK Protocol s o

A — I: {A,NA}+KI
A—B: {4 Na}rra I(A) — B:  {ANa}ix,
B— A: {B,Na,NB}+K, B — I(A) {B,Na,NB}iKr,
A— B: {NB}ikg I /= A: {1, Na,Np}tik,a
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Divide-and-Conquer
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The divide-and-conquer strategy solves a problem by:

@ Breaking it into subproblems that are themselves smaller instances of the same type of problem.
® Recursively solving these subproblems.
© Appropriately combining their answers.
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Product of Complex Numbers
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Carl Friedrich Gauss(1777-1855) noticed that although the product of two complex numbers

(a+bi)(c+ di) = ac — bd + (bc + ad)i
(a+0b)(c+d), since

seems to involve four real-number multiplications, it can in fact be done with just three: ac, bd, and
bc+ad = (a+b)(c+d) —ac—bd
® In big O way of thinking, reducing the number of multiplications from four to three seems wasted
ingenuity.

* But this modest improvement becomes very significant when applied recursively.
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Multiplication
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Suppose x and y are two n-integers, and assume for convenience that n is a power of 2.

[Hints: For every n there exists an n’ with n < n’ < 2n such that n” a power of 2.]
are n/2 bits long

As a first step toward multiplying = and y, we split each of them into their left and right halves, which
v = (2] [Fr] = 2" *r1 + 25

v =[] (3] = 2"+

xy = 2"z + 2r) (2" %y + yr) = 2"wryr + 2" *(xLyr + TRYL) + TRYR
Additions and multiplications by powers of 2 take linear time.
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The additions take linear time, as do multiplications by powers of 2 (that is, O(n)).

The significant operations are the four n/2-bit multiplications: these can be handled by four recursive
calls.

Writing 7'(n) for the overall running time on n-bit inputs, we get the recurrence relations:

T(n) =4T(n/2) + O(n)
Solution: O(n?)

By Gauss’s trick, three multiplications zryr, ryr, and (zr + zr)(yr + yr) suffice.
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MULTIPLY (x, y)
Two positive integers x and y, in binary;

n=max (Size of x, size of y) rounded as a power of 2;
if » = 1 then return (zy);

z 1, xr= leftmost n/2, rightmost n/2 bits of z;
yr,yr= leftmost n/2, rightmost n/2 bits of y;
P1=MULTIPLY (x1, Y1)}

P2=MULTIPLY (TR, YR);

P3=MULTIPLY (z1 + TR, YL + YR) ;

return (P, x 2" 4 (Ps — P — P,) x 2"/2 4 Py)

«40>» «F» «E» «

>

APAN G4



i i { SHANGHALI JIAO TONG
Tlme Ana'ySIS 52/ UNIVERSITY

\

The recurrence relation

T(n) = 3T(n/2) + O(n)

The algorithm’s recursive calls form a tree structure.
At each successive level of recursion the subproblems get halved in size.
At the (log2n)"™ level, the subproblems get down to size 1, and so the recursion ends.

The height of the tree is log, n.

The branch factor is 3: each problem produces three smaller ones, with the result that at depth &
there are 3" subproblems, each of size n/2".

For each subproblem, a linear amount of work is done in combining their answers.

«40>» «F» «E» «

>

APAN G4



Time Analysis

The total time spent at depth & in the tree is

R
{*{‘ SHANGHAI JIAO TONG
Kw ¢) UNIVERSITY

3 % O(2r) = ()" x O(n)

At the top level, when k£ = 0, we need O(n).

At the bottom, when k = log, n, it is O(3'°52™) = O(n'°%23)

The work done increases geometrically from O(n) to O(n'°%2?), by a factor of 3/2 per level.

The sum of any increasing geometric series is, within a constant factor, the last term of the series
Therefore, the overall running time is

O(nlog2 3) ~ O(nl.59)
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Time Analysis
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Q: Can we do better?
® Yes!
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Recurrence Relations

«O>» «Fr «

it
v

DA




Master Theorem
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Master Theorem
If T(n) = aT([n/b]) + O(n®) for some constants a > 0, b > 1 and d > 0, then
O(n%)

if d>log,a
T(n) =4 O(n%logn) if d=log,a
O(n'°e ) if d<logya
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The Proof of the Theorem

7\ SHANGHALI JIAO TONG
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Proof:
Assume that n is a power of b.

The size of the subproblems decreases by a factor of b with each level of recursion, and therefore
reaches the base case after log, n levels - the the height of the recursion tree.

Its branching factor is a, so the k-th level of the tree is made up of a* subproblems, each of size
n/b.

a" x O(7)" = 0(n") x (37)"

k goes from 0 to log, n, these numbers form a geometric series with ratio a/b%, comes down to three
cases.
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The Proof of the Theorem

The ratio is less than 1.

Then the series is decreasing, and its sum is just given by its first term, O(n?)
The ratio is greater than 1.

The series is increasing and its sum is given by its last term, O(n'*% )
The ratio is exactly 1.

In this case all O(log n) terms of the series are equal to O(n).
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Quiz
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T(n)=4-T(y/n)+1
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The Algorithm

MERGESORT (a[l...n])

An array of numbers a[l ...n];

if » > 1 then
return (MERGE (MERGESORT (a[l...|n/2]]),
MERGESORT (a[|n/2] +1...,n])));

else return (a);
end

) SHANGHAI JIAO TONG
) UNIVERSITY

MERGE (z[l...k], y[1...1])

if © = 0then return y[l1.
if | = 0then return z[1.
if (1] < y[1] then return (

Sk
- Kl;
z[1]oMERGE (z[2. .

kL y[l...
else return ( y[1]oMERGE (z[1... k], y[2...1]));

l
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ITERTIVE-MERGESORT (a[l...n])
An array of numbers a[l...n];

Q = ]empty queue;
fori=1tondo
‘ Inject (Q, [a[]]);
end
while || > 1 do
| Inject (QMERGE (Eject (Q).Eject (Q)));
end
return (Eject (Q));
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The Time Analysis

SHANGHAI ]lAO TONG
The recurrence relation:

UNIVERSITY

T(n) =2T(n/2) + O(n)
By Master Theorem:

T(n) = O(nlogn)
Q: Can we do better?
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Sorting

Sorting algorithms can be depicted as trees.

2\

#\ SHANGHAI JIAO TONG
= UNIVERSITY

The depth of the tree - the number of comparisons on the longest path from root to leaf, is the

worst-case time complexity of the algorithm.

Assume n elements. Each of its leaves is labeled by a permutation of {1,2,...,n}
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Sorting

7\ SHANGHALI JIAO TONG
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Every permutation must appear as the label of a leaf.
This is a binary tree with n! leaves.

So, the depth of the tree - and the complexity of the algorithm - must be at least

log(n!) & log(v/m(2n +1/3) -n™ - e~ ™) = Q(nlogn)
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The median of a list of numbers is its 50th percentile: half the number are bigger than it, and half are
smaller.

If the list has even length, we pick the smaller one of the two.
The purpose of the median is to summarize a set of numbers by a single typical value.

Computing the median of n numbers is easy, just sort them. (O(n logn)).

Q: Can we do better?
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Selection
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Input: A list of number S; an integer k.
Output: The k th smallest element of S.

«0O0>» «F» « =>»
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A Randomized Selection

\‘ SHANGHAI JIAO TONG
For any number v, imagine splitting list S into three categories:

47 UNIVERSITY

i
® elements smaller than v, i.e., Si;

e those equal to v, i.e., S, (there might be duplicates);
® and those greater than v, i.e., Sgr; respectively.

selection(StL, k)
selection(S, k) = S v

if &<|Sc|
selection(Sr, k — |SL| — |Su])

if |Sp] <k <|SL|+ Sy
it k> [S|+]|S]

«O» «F»



How to Choose v?

(©)
It should be picked quickly, and it should shrink the array substantially, the ideal situation being

SHANGHAI JIAO TONG
UNIVERSITY

S
|SL||SRI~| |

T(n) =

If we could always guarantee this situation, we would get a running time of

T(n/2) + O(n) = O(n)
But this requires picking v to be the median, which is our ultimate goal!
Instead, we pick v randomly from S!
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How to Choose v?

P
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Worst-case scenario would force our selection algorithm to perform

n+(n—1)+Mn-2)+

e g )
Best-case scenario O(n)
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The Efficiency Analysis
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v is good if it lies within the 25th to 75th percentile of the array that it is chosen from.
A randomly chosen v has a 50% chance of being good.

On average a fair coin needs to be tossed two times before a heads is seen. I
Proof:

Let F be the expected number of tosses before heads is seen.

Therefore, £ = 2.
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The Efficiency Analysis
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Let T'(n) be the expected running time on the array of size n, we get

T(n) <T(3n/4) + O(n) = O(n)
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Matrix Multiplication
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The product of two n x n matrices X and Y is a n x n matrix Z = XY, with which (4, j)th entry

n
Zij = Z Xik Y
=1
In general, matrix multiplication is not commutative, say, XY # Y X

The running time for matrix multiplication is O (n®)

e There are n? entries to be computed, and each takes O(n) time.
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Divide-and-Conquer

Matrix multiplication can be performed blockwise.

f”' HANGHAI JIAO TONG
%NIVERSIT\; B
A B E F
X = C D Y= G H
xy— |4 B||E F|_|AE+BG AF+BH
~|¢c D||G H| |CE+DG CF+DH
T(n) = 8T (n/2) + O(n?)
T(n) = O(n?)
V.
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Strassen Algorithm

SHANGHAI JIAO TONG

UNIVERSITY
A B EF F
X: Y:
C D G H
Xy — Ps+ Py — P>+ Ps P+ P
P+ Py P+ Ps—-Ps— Py
P = A(F — H)

Ps =(A+D)(E+ H)
P, =(A+B)H Ps=(B—-D)(G+H)
P;=(C+D)E

Pr=(A-C)(E+F)
P, =D(G—-E)

T(n) = 7T (n/2) + O(n?)
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Counting Inversions
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Counting Inversions

Music site tries to match your song preferences with others.
® You rank n songs.

® Music site consults database to find people with similar tastes
Similarity metric: number of inversions between two rankings.

® Myrank: 1,2,...,n.

® Your rank: a1,az,...,an.

® Songs ¢ and j are inverted if i < j, but a; > a;.

A B C D E
el 1+ 2 3 4 5
fyoul 1 3 4 2 5

2 inversions: 3-2, 4-2
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Divide: separate list into two halves A and B.
Conquer: recursively count inversions in each list.
Combine: count inversions (a,b) witha € Aand b € B.

Return sum of three counts.

input

15 4 8 10 2 6 9 3 7

count inversions in left half A count inversions in right half B

1 5 4 8 10 2 6 g 3 7
5-4 6-3 93 97

count inversions (a,b) witha € Aand b € B

1 5 4 8 10 2 6 9 3 7

42 43 52 53 82 83 86 87 10-2 10-3 10-6 10-7 10-9
output 1+3+13=17
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How to Combine Two Subproblems?

ey
Q. How to count inversions (a,b) witha € Aand b € B?
A. Easy if A and B are sorted!

SHANGHAI JIAO TONG
UNIVERSITY

Warmup algorithm.
® Sort Aand B.

® Foreachelementb € B,

- binary search in A to find how many elements in A are greater than b.
list A list B
7 10 18 3 14 20 23 2 11 16
sort A sort B
3 7 10 14 18 2 11 16 20 23
binary search to count inversions (a,b) witha € Aandb € B
3 7 10 14 18 2 1

16 20 23
5 2 1 0 0
«40» «F» « >
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How to Combine Two Subproblems? @) T

Count inversions (a, b) with a € A and b € B, assuming A and B are sorted.
® Scan A and B from left to right.
e Compare a; and b;.
® |f a; < bj, then a; is not inverted with any element left in B.
® If a; > bj, then b; is inverted with every element left in A.
® Append smaller element to sorted list C.

count inversions (a,b) witha € Aandb € B
3 7 10 a; 18 2 11 b, 20 23
1 5 2 ¢
merge to form sorted list C
2 3 7 10 M
T
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SORT-AND-COUNT(L) ;
input : List L
output: Number of inversions in L and L in sorted order

if List L has one element then

| RETURN (0, L);
end
Divide the list into two halves A and B;
(ra,A) < SORT-AND-COUNT (A);
(rs, B) <~ SORT-AND-COUNT (B);
(ras, L) <~ MERGE-AND-COUNT (A,B);
RETURN (ra + 7B + ras, L);
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Algorithm Analysis

SHANGHAI JIAO TONG
Proposition

UNIVERSITY

O(nlogn) time.

Proof.

The sort-and-count algorithm counts the number of inversions in a permutation of size n in

T(n)=2-T([n/2]) +O(n)
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Complex Number
z = a + bi is plotted at position (a, b).

In its polar coordinates, denoted (r, 0), rewrite as

)

@) tvcsmnoTone
Imaginary
b
z=r(cosf + isinf) = re’ r
(4
Real
e length: r = /a2 + b2. !
e angle: 6 € [0, 27).
® § can always be reduced modulo 27. /
Basic arithmetic:
e —~z=(r,0+m).
L4 (7‘1,01) X (7“2,92) = (7“17‘2,(91 + 92)
e [f 2 is on the unit circle (i.e., r = 1), then
2" = (1,n0).

o
(112, 01+ 02)
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The n-th Complex Roots of Unity

Solutions to the equation 2" =1

)
SHANGHAI JIAO TONG
¢/ UNIVERSITY

for 6 a multiple of 27 /n.

* by the multiplication rules: solutions are z = (1, 0),
® |t can be represented as

2
1,W,UJ )

n—1
L,Ww
where

W= eQwi/n
For n is even:

® These numbers are plus-minus paired.

® Their squares are the (n/2)-nd roots of unity.
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The complex conjugate of a complex number z = e is z* = re .

The complex conjugate of a vector (or a matrix) is obtained by taking the complex conjugates of all
its entries.

The angle between two vectors u = (uo, . .., un—1) and v(wvo, .

..,un—1) in C™ is just a scaling factor
times their inner product

* * * *
UV =UVy + ULV + ..o Up—1Vp_1

The above quantity is maximized when the vectors lie in the same direction and is zero when the
vectors are orthogonal to each other.
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The Fast Fourier Transform
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If A(z) = ao 4+ a1z + ... + aqz® and B(z) = by + biz + ... + baz?, their product

Clx)=co+cix+...+ coqz?
has coefficients

k
¢y = aobr + arbg—1 + ...+ arbo = Zaibk—i
i=0

where for © > d, take a; and b; to be zero.

Computing cx from this formula take O(k) step, and finding all 2d + 1 coefficients would therefore
seem to require ©(d?) time.

Q: Can we do better?
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An alternative representation
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e |ts coefficients ao, a1,

Fact: A degree-d polynomial is uniquely characterized by its values at any d + 1 distinct points.
We can specify a degree-d polynomial A(z) = ao + a1z + ... + aqz® by either of the following:

,aq. (coefficient representation).
® The values A(xo), A(z1), ... A(zq) (value representation).

evaluation
coefficient representation

value representation
interpolation
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An alternative representation

3
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evaluation
coefficient representation

value representation
interpolation

The product C(x) has degree 2d, it is determined by its value at any 2d + 1 points.
Its value at any given point z is just A(z) times B(z).

Therefore, polynomial multiplication takes linear time in the value representation.
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The algorithm Ok JiAOT

Input: Coefficients of two polynomials, A(z) and B(x), of degree d
Output: Their product C = A- B

Selection
Pick some points zo, z1, ..., Zn_1, Where n > 2d + 1.

Evaluation
Compute A(zo), A(z1), ..., A(zn-1) and B(zo), B(z1), ..., B(xn-1).

Multiplication
Compute C(z) = A(zi)B(zy) forall k =0,...,n—1.

Interpolation
Recover C(x) = co + c1z + ... + caqz®®
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Fast Fourier Transform @) vy

The selection step and the multiplications are just linear time:

* |n a typical setting for polynomial multiplication, the coefficients of the polynomials are real
number.

* Moreover, are small enough that basic arithmetic operations take unit time.
Evaluating a polynomial of degree d < n at a single point takes O(n), and so the baseline for n
points is ©(n?).

The Fast Fourier Transform (FFT) does it in just O(n logn) time, for a particularly clever choice of
ZOoy+eoyn—1-
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Evaluation by divide-and-conquer

Q: How to make it efficient?

=
£
&

) SHANGHAI JIAO TONG
O
First idea, we pick the n points,

)

UNIVERSITY

:|:£L'()7 :|:l'17

) :twn/Qfl
x; coincide with those of —x;

then the computations required for each A(z;) and A(—z;) overlap a lot, because the even power of

We need to split A(z) into its odd and even powers, for instance

3+ 4z + 62° + 22° + ' +102° = (34 62° + 2*) + (4 + 22° + 102)
More generally

A(z) = Ao(2®) + A, (%)
are polynomials of degree < n/2 — 1.

where A.(-), with the even-numbered coefficients, and A, (-), with the odd-numbered coefficients,
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Evaluation by divide-and-conquer @) por
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Given paired points +x;, the calculations needed for A(z;) can be recycled toward computing
A(fxi):

Ali) = Ac(a?) +zido(a?d)
A(=z) = Aca?) = miAo(?)

Evaluating A(z) at n paired points £zo,

..., £z, /21 reduces to evaluating A.(z) and A,(z) at just
n/2 points, x3, . .

2
B xn/271 .
If we could recurse, we would get a divide-and-conquer procedure with running time

T(n) =2T(n/2) + O(n) = O(nlogn)
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How to choose n points? (@) tavesiy T

<7 UNIVERSITY

Aim: To recurse at the next level, we need the n/2 evaluation points =3, 27,

..,xh,y , tobe
themselves plus-minus pairs.

Q: How can a square be negative?

® We use complex numbers.

At the very bottom of the recursion, we have a single point, 1, in which case the level above it must
consist of its square roots, +v/1 = +1.

The next level up then has ++v/+1 = +1, as well as the complex numbers +v/—1 = +i.

By continuing in this manner, we eventually reach the initial set of n points: the complex n th roots of
unity, that is the n complex solutions of the equation

2t =1
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The n-th complex roots of unity
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Solutions to the equation 2" =1

y UNIVERSITY

* by the multiplication rules: solutions are z = (1, 6), for # a multiple of 27 /n
® |t can be represented as
where

1 2 n—1
,W,w o, ..., W

For n is even:

W= e27ri/'n,

® These numbers are plus-minus paired.

® Their squares are the (n/2)-nd roots of unity.
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The FFT algorithm &
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FFT (A, w)

input : coefficient reprentation of a polynomial A(x) of degree < n — 1, where n is a power of 2;
w, an n-th root of unity

output: value representation A(w"),..., A(w™™!)

if w = 1 then return A(1);
express A(z) in the form A.(z?) + zA,(z?);
call FFT (A.,w?) to evaluate A, at even powers of w;
call FFT (A,,w?) to evaluate A, at even powers of w;
forj=0ton—1do

compute A(w’) = Ac(w?) 4+ w? A, (w?);
end
return (Aw?),..., AW" ™ ));

«O0>» «F» «=)» <

i
v
it

DA



Interpolation
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roots of unity (1,w,w?,...,w" ™)

FE'T moves from coefficients to values in time just O(n logn), when the points {xz;} are complex n-th
That is,

(value) = FFT({coef ficients),w)

We will see that the interpolation can be computed by

(coef ficients) = %FFT((values),w )

«0>» «F» « >

i
v

DA



A matrix reformation
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Let’s explicitly set down the relationship between our two representations for a polynomial A(z) of
degree <n — 1.

A(zo) o x2 ! ao
A(z1) 1 22 :c{“l a1
Azn-1) 1 zno1 zhy an 1] |an-1
Let M be the matrix in the middle, which is a Vandermonde matrix.
® If xo,21,.

, Tn—1 are distinct numbers, then M is invertible.
e evaluation is multiplication by M, while interpolation is multiplication by M .
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A matrix reformation

R
r*{ | SHANGHAI JIAO TONG
N4/ UNIVERSITY

This reformulation of our polynomial operations reveals their essential nature more clearly.
It justifies an assumption that A(x) is uniquely characterized by its values at any n points.

Vandermonde matrices also have the distinction of being quicker to invert than more general
matrices, in O(n?) time instead of O(n?).

However, using this for interpolation would still not be fast enough for us..
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Interpolation resolved
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In linear algebra terms, the FFT multiplies an arbitrary n-dimensional vector, which we have been
calling the coefficient representation, by the n x n matrix.

1 1 1 T
1 w w? wn Tt
My (w) = 1 W w2 (=13
11 wnfl w2(7:L71) o x(nfl)(nfl)_
Its (4, k)-th entry (starting row- and column-count at zero) is w’*
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The columns of M are orthogonal to each other, which is often called the Fourier basis.

The FFT is thus a change of basis, a rigid rotation. The inverse of M is the opposite rotation, from
the Fourier basis back into the standard basis.

Inversion formula

M (w) ™t = %Mn(w_l)
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Interpolation resolved
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2mwi/n

Take w to be e , and think of M as vectors in C™.

Recall that the angle between two vectors v = (uo,
scaling factor times their inner product

,un—1) and v(vo,

,un—1) iNn C™ is just a
* * * *
UV =UVy + ULV, + ...+ Up—1Vp_1
where z* denotes the complex conjugate of z.

The above quantity is maximized when the vectors lie in the same direction and is zero when the
vectors are orthogonal to each other.
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Interpolation resolved

)

The columns of matrix M are orthogonal to each other. I
Proof.

® Take the inner product of of any columns j and k of matrix M,

Lo 4 20-F) 4 4 =Dk
This is a geometric series with first term 1, last term w™~Y0U~=%) and ratio w’~*
e Therefore, if j # k, it evaluates to

1 — U=k

w ‘ -0
1 —wl—k)

e [f j =k, then it evaluates to n.
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Interpolation resolved

P

f SHANGHAI JIAO TONG
& / UNIVERSITY

«0>» «F» « =>»

i
v

DA



The definitive FFT algorithm
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The FFT takes as input a vector a = (ao, . .., an—1) and a complex number w whose powers
1,w,w?,...,w" ! are the complex n-th roots of unity.

It multiplies vector a by the n x n matrix M, (w), which has (j, k)-th entry w/*.

The potential for using divide-and-conquer in this matrix-vector multiplication becomes apparent
when M’s columns are segregated into evens and odds.

The product of M, (w) with vector a = (ao, ...,an—1), a size-n problem, can be expressed in terms
of two size-n/2 problems: the product of M,, /»(w?) with (ao, az, . . ., an—2) and with
(ala as, ..., anfl)-

This divide-and-conquer strategy leads to the definitive FFT algorithm, whose running time is
T(n) =2T(n/2) + O(n) = O(nlogn).
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FFT (a, w)

input : Anarray a = (ao, a1,...,an—1) for n is a power of 2; w, an n-th root of unity
output: M, (w)a
if w = 1 then return q;
(50,81, 8n/2-1)=FFT ((ao, az,...,an_2), w?);
(505815 -+ 80/2_1)=FFT ((a1,a3, .. .,an-1), w?);
forj=0ton/2—1do
rj=sj +w’s};
Tjtn/2=8; — w’s};
end

return (10,71, .., n—1);
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Top 10 algorithms of the 20th century @) s rorone

1946: The Metropolis Algorithm

1947: Simplex Method

1950: Krylov Subspace Method

1951: The Decompositional Approach to Matrix Computations
1957: The Fortran Optimizing Compiler

1959: QR Algorithm

1962: Quicksort

1965: Fast Fourier Transform

1977: Integer Relation Detection

1987: Fast Multipole Method
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1946: The Metropolis Algorithm

1947: Simplex Method

1950: Krylov Subspace Method

1951: The Decompositional Approach to Matrix Computations
1957: The Fortran Optimizing Compiler

1959: QR Algorithm

1962: Quicksort

1965: Fast Fourier Transform

1977: Integer Relation Detection

1987: Fast Multipole Method
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Let B be an n x n chessboard, where n is a power of 2. Use a divide-and-conquer argument to
describe how to cover all squares of B except one with L-shaped tiles. For example, if n = 2, then

there are four squares three of which can be covered by one L-shaped tile, and if n = 4, then there
are 16 squares of which 15 can be covered by 5 L-shaped tiles.
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Decompositions of Graphs
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EXPLORE (G, v)

input : G = (V,E)isagraph;v eV

output: visited(u) to true for all nodes u reachable from v
visited(v) = true;

PREVISIT (v);

for each edge (v,u) € E do

| if not visited(u) then EXPLORE (G, u) ;
end
POSTVISIT (v);
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DE'S ((+)

forallv € V do

‘ visited(v) = false;
end
forallv € V do

‘ if not visited(v) then Explore (G, v);
end
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Connectivity in Undirected Graphs
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Types of Edges in Undirected Graphs
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e
Those edges in G that are traversed by EXPLORE are tree edges.

The rest are back edges.

LT
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Connectivity in Undirected Graphs

=

Definition
An undirected graph is connected, if there is a path between any pair of vertices.
Definition

remaining vertices.

A connected component is a subgraph that is internally connected but has no edges to the

containing that vertex.

When EXPLORE is started at a particular vertex, it identifies precisely the connected component

Each time the DFS outer loop calls EXPLORE, a new connected component is picked out.
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Connectivity in Undirected Graphs
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DFS is trivially adapted to check if a graph is connected.

More generally, to assign each node v an integer ccnum/[v] identifying the connected component to
which it belongs.

PREVISIT (v)

cenum|v] = cc;

EXPLORE.

where cc needs to be initialized to zero and to be incremented each time the DFS procedure calls
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Previsit and Postvisit Orderings

(:i‘ HANGHALI JIAO TONG
g %NIVERSITY] B
For each node, we will note down the times of two important events:
® the moment of first discovery (corresponding to PREVISIT);
¢ and the moment of final departure (POSTVISIT).
PREVISIT (v) POSTVISIT (v)
pre[v] = clock; post[v] = clock;
clock + +;

clock + +;

For any nodes v and v, the two intervals [pre(u), post(u)] and [pre(v), post(v)]
one is contained within the other.

are either disjoint or
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Previsit and Postvisit Orderings
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15,16
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Connectivity in Directed Graphs
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Types of Edges in Directed Graphs (@) ey "
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DFS yields a search tree/forests.

® root.

® descendant and ancestor.

parent and child.

Tree edges are actually part of the DFS forest.

Forward edges lead from a node to a nonchild descendant in the DFS tree.
Back edges lead to an ancestor in the DFS tree.

Cross edges lead to neither descendant nor ancestor.
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Directed Graphs
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Types of Edges
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pre/post ordering for (u, v)

Edge type
[u [v }v }u Tree/forward
[v [u }u ]U BaCk

b o o Cross

Q: Is that all?
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Directed Acyclic Graphs (DAG)
Definition
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A cycle in a directed graph is a circular path

Vo —> V1 —> V2 — ...V — Vo

A directed graph has a cycle if and only if its depth-first search reveals a back edge. I
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Directed Acyclic Graphs (DAG)
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Directed Acyclic Graphs (DAG) TaveRsiry
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Linearization/Topologically Sort: Order the vertices such that every edge goes from a earlier vertex
to a later one.

Q: What types of dags can be linearized?

A: All of them.

DFS tells us exactly how to do it: perform tasks in decreasing order of their post numbers.

The only edges (u, v) in a graph for which post(u) < post(v) are back edges, and we have seen that
a DAG cannot have back edges.
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Directed Acyclic Graphs (DAG)
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In a DAG, every edge leads to a vertex with a lower post number. I
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Directed Acyclic Graphs (DAG) /\ UNVERSITY
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There is a linear-time algorithm for ordering the nodes of a DAG.

Acyclicity, linearizability, and the absence of back edges during a depth-first search - are the same
thing.

The vertex with the smallest post number comes last in this linearization, and it must be a sink - no
outgoing edges.

Symmetrically, the one with the highest post is a source, a node with no incoming edges.

«O0>» «F» «=)» <

i
v
it

DA



Directed Acyclic Graphs (DAG)
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Every DAG has at least one source and at least one sink. I

The guaranteed existence of a source suggests an alternative approach to linearization

© Find a source, output it, and delete it from the graph.
® Repeat until the graph is empty.
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Strongly Connected Components
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Defining Connectivity for Directed Graphs

Definition

to w.

Two nodes u and v of a directed graph are connected if there is a path from « to v and a path from v

This relation partitions V' into disjoint sets that we call strongly connected components (SCC).
Every directed graph is a DAG of its SCC. I

«O» «F)r «

Er <

3

DA



Strongly Connected Components
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An Efficient Algorithm
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have been visited.

component.

If the EXPLORE subroutine at node w, then it will terminate precisely when all nodes reachable from u

If we call explore on a node that lies somewhere in a sink SCC, then we will retrieve exactly that
We have two problems:

© How do we find a node that we know for sure lies in a sink SCC?

® How do we continue once this first component has been discovered?
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An Efficient Algorithm
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The node that receives the highest post number in a depth-first search must lie in a source SCC. I

IfC and C'" are SCC, and there is an edge from a node in C to a node in C’, then the highest post
number in C' is bigger than the highest post number in C'.

numbers.

Hence the SCCs can be linearized by arranging them in decreasing order of their highest post
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Solving Problem A
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Consider the reverse graph G, the same as G but with all edges reversed.
G' has exactly the same SCCs as G.

SCCin G*.

If we do a depth-first search of G, the node with the highest post number will come from a source
Itis a sink SCC in G.
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Solving Problem B
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Once we have found the first SCC and deleted it from the graph, the node with the highest post
number among those remaining will belong to a sink SCC of whatever remains of G.

Therefore we can keep using the post numbering from our initial depth-first search on G to
successively output the second strongly connected component, the third SCC, and so on.
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The Linear-Time Algorithm
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© Run depth-first search on G%.

® Run the EXPLORE algorithm on G, and during the depth-first search, process the vertices in
decreasing order of their post numbers from step 1.
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Think About
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How the SCC algorithm works when the graph is very, very huge?
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Think About
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How about edges instead of paths?
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Exercises 1 SHANGHAL J1AO TONG

Suppose a CS curriculum consists of n courses, all of them mandatory. The prerequisite graph G
has a node for each course, and an edge from course v to course w if and only if v is a prerequisite
for w. Find an algorithm that works directly with this graph representation, and computes the
minimum number of semesters necessary to complete the curriculum (assume that a student

can take any number of courses in one semester). The running time of your algorithm should be
linear.
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Exercises 2
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Give an efficient algorithm which takes as input a directed graph G = (V, E), and determines
whether or not there is a vertex s € V from which all other vertices are reachable.
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Algorithm Design VII
Path in Graphs

Guogiang Li ) SHANGHAI JIAO TONG
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Distances
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Definition
The distance between two nodes is the length of the shortest path between them.
(a)

(b) e
%0
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Breadth-First Search @) saiver

BFS (G, s)

input : Graph G = (V, E), directed or undirected; Vertex s € V

output: For all vertices u reachable from s, dist(u) is the set to the distance from s to s
for allv € V do

‘ dist(v) = oo;
end
dist[s] = 0;

Q = [s] queue containing just v;
while () is not empty do
u=Eject (Q);
for all edge (u,v) € E do
if dist(v) = oo then
‘ Inject (Q,v); dist[v] = dist[u] + 1;
end
end

end

a
v
a
v
a
it
v
a
it
v
it

APAN G4



Correctness

3
SHANGHALI JIAO TONG
{% 49 UNIVERSITY

Foreachd =0,1,2, ... there is a moment at which,

@ all nodes at distance < d from s have their distances correctly set,
® all other nodes have their distances set to co; and

© the queue contains exactly the nodes at distance d.
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BFS treats all edges as having the same length.

Sacramento
San % _— 133
It is rarely true in applications where shortest paths are to be Francisco Reno
found. 290 271
Every edge e € E with a length [.. o s
Bakersfield
If e = (u,v), we will sometimes also write
T2 291
l(u,v or [
( ) ) uv Los Las
Angeles 275 Vegas

«0» «F»r» «

i

v

a
it
v

APAN G4



Dijkstra’s Algorithm
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An Adaption of Breadth-First Search
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BFS finds shortest paths in any graph whose edges have unit length.

Q: Can we adapt it to a more general graph G = (V, E') whose edge lengths [. are positive integers?

A simple trick: For any edge e = (u, v) of E, replace it by I. edges of length 1, by adding I — 1
dummy nodes between « and v. It might take time

O(VI+> L)

eckE

It is bad in case we have edges with high length.
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Alarm Clocks Ok Ao T

Set an alarm clock for node s at time 0.

Repeat until there are no more alarms:

The next alarm goes off at time T, for node u. Then:

® The distance from sto wis T.
® For each neighbor v of v in G:

® If there is no alarm yet for v, set one for time T' + (u, v).
® [f v’s alarm is set for later than T" + [(u, v), then reset it to this
earlier time.
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Dijkstra’s Shortest-Path Algorithm @) smsaprorore

DIJKSTRA (G, [, s)

input : Graph G = (V, E), directed or undirected; positive edge length
{lc | e € E};Vertexs € V

output: For all vertices u reachable from s, dist(u) is the set to the distance
from s to u

for allvw € V do
‘ dist(u) = oo; prev(u) = nil;
end
dist(s) = 0;
H =makequeue (V) \\ using dist-values as keys;
while H is not empty do
u=deletemin (H);
for all edge (u,v) € E do
if dist(v) > dist(u) + l(u,v) then
dist(v) = dist(u) + l(u,v); prev(v) = u;
decreasekey (H,v);
end
end

end
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Data Structure Trailer: Priority Queue §
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Priority queue is a data structure usually implemented by heap.

Insert: Add a new element to the set.
Decrease-key: Accommodate the decrease in key value of a particular element.
Delete-min: Return the element with the smallest key, and remove it from the set.

Make-queue: Build a priority queue out of the given elements, with the given key values. (In
many implementations, this is significantly faster than inserting the elements one by one.)

The first two let us set alarms, and the third tells us which alarm is next to go off.
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Running Time
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Since makequeue takes at most as long as |V'| insert operations, we get a total of |V| deletemin
and |V| + |E| insert/decreasekey operations.
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Which Heap is Best K‘\ SHANGHAL JIAO TONG
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Implementation | deletemin | insert/decreasekey | |V|xdeletemin+(|V|+ |E|)x insert
Array o(v o(1) O(IV[?)

Binary heap O(log |V|) | O(log|V|) O((|V]+ |E|) log|V])

d-ary heap O(dll?)gg\dv\) O(lfiggl‘g/ll) O( d\VHIEDlOgIVI)

Fibonacci heap | O(log|V]) | O(1) (amortized) O(|V]log \Vl + |E|)
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Which heap is Best
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A naive array implementation gives a respectable time complexity of O(|V|?), whereas with a binary
heap we get O((|V| + | E|) log|V|). Which is preferable?

This depends on whether the graph is sparse or dense.

e |E|is less than [V|%. If itis Q(|V|?), then clearly the array implementation is the faster.

function of d. The optimal choice is d ~ |E|/|V];

* On the other hand, the binary heap becomes preferable as soon as |E| dips below [V|>/log|V|.
® The d-ary heap is a generalization of the binary heap and leads to a running time that is a
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Proof of Correctness k‘ i ot

For each node u € S, where S is the set of vertex with the dist being set.
Proof. [ 1S1]

Base case: |S| = 1is easy since S = {s} and dist[s] = 0.

Inductive hypothesis: Assume true for |S| > 1.

Let v be next node added to S, and let (u, v) be the final edge.

A shortest s ~» u path plus (u,v) is an s ~ v path of length 7(v).

Consider any other s ~~ v path P. We show that it is no shorter than 7 (v).

Let e = (x,y) be the first edge in P that leaves S, and let P’ be the subpath from s to x.
The length of P is already > w(v) as soon as it reaches y:

I(P) > I(P') + £,
> dist|z] + Le
>

m(y) > m(v).
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Shortest Paths in the Presence of Negative Edges
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Dijkstra’s algorithm works because the shortest path from the starting point s to any node v must
pass exclusively through nodes that are closer than v.

This no longer holds when edge lengths can be negative.
Q: What needs to be changed in order to accommodate this new complication?

A crucial invariant of Dijkstra’s algorithm is that the dist values it maintains are always either
overestimates or exactly correct.

They start off at oo, and the only way they ever change is by updating along an edge:

UPDATE ((u,v) € E)

dist(v) = min{dist(v), dist(u) + l(u,v)};
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Update
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UPDATE ((u,v) € E)

dist(v) = min{dist(v), dist(u) + l(u,v)};

This UPDATE operation expresses that the distance to v cannot possibly be more than the distance
to u, plus I(u, v). It has the following properties,

@ It gives the correct distance to v in the particular case where u is the second-last node in the
shortest path to v, and dist(u) is correctly set.

® It will never make dist(v) too small, and in this sense it is safe.
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UPDATE ((u,v) € E)

dist(v) = min{dist(v), dist(u) + l(u,v)};

Let

S— U > U3 > U3 —> ... > U —> T
be a shortest path from s to ¢.

This path can have at most |V | — 1 edges (why?).

If the sequence of updates performed includes (s, u1), (u1,u2), ..., (uk, t), in that order, then by rule
1 the distance to ¢ will be correctly computed.

It doesn’t matter what other updates occur on these edges, or what happens in the rest of the graph,
because updates are safe (by rule 2).
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Bellman-Ford Algorithm
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edges in the right order?

But still, if we don’t know all the shortest paths beforehand, how can we be sure to update the right
We simply update all the edges, |V'| — 1 times!
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SHORTEST-PATHS (G, [, 5)

input : Graph G = (V, E), edge length{l. | e € E}; Vertex s € V/

output: For all vertices u reachable from s, dist(u) is the set to the
distance from s to u

for allu € V do

‘ dist(u) = oo;

end

dist[s] = 0;

repeat |V| — 1 times: for ¢ € £ do
\ UPDATE (e€) ;

end

Running time: O(|V| - | E|)
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Iteration
Node | 0 | 1|2 |3 |4|5 /|67
S 0 0 0 0 0 0 010
A oo | 10 |10 | 5 5 5 5|5
B o |oco|loo |10 6|55 |5
C 00| oo |oo|oo| 11| 7| 6|6
D 00 |0 | oo |oco|oo| 14109
E coloo |12 8| 7T | T | T |7
F | oo | 9 9 9 9 919
G o | 8 8 8 8 8 8 |8
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If the graph has a negative cycle, then it doesn’t make sense to even ask about shortest path.

Q: How to detect the existence of negative cycles:
Instead of stopping after |V | — 1, iterations, perform one extra round.

There is a negative cycle if and only if some dist value is reduced during this final round
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Shortest Paths in DAGs
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Graphs without Negative Edges
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There are two subclasses of graphs that automatically exclude the possibility of negative cycles:

® graphs without negative edges,
® and graphs without cycles.

We will now see how the single-source shortest-path problem can be solved in just linear time on
directed acyclic graphs.

As before, we need to perform a sequence of updates that includes every shortest path as a
subsequence.

® In any path of a DAG, the vertices appear in increasing linearized order.
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A Shortest-Path Algorithm for DAG S“““““ oTons
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DAG-SHORTEST-PATHS (G, [, s)
input : Graph G = (V, E), edge length{l. | e € E'}; Vertex s € V
output: For all vertices u reachable from s, dist(u) is the set to the distance from s to u

for allw ¢ V do
‘ dist(u) = oo;
end
dist[s] = 0;
linearize G;
for eachv € V in linearized order do
for all (u,v) € E do
\ UPDATE ((u,v));
end

end
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A Shortest-Path Algorithm for DAG
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The scheme does not require edges to be positive.

Even can find longest paths in a DAG by the same algorithm: just negate all edge lengths.
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Think About
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How about finding simple longest paths in a general directed graph with all positive lengths?

«0>» «F» « >

i
v

DA



[m]

>

“EFr o«

Q>




i RS
Exercises 1 Kw SHANGHAL J1AO TONG

Professor Fake suggests the following algorithm for finding the shortest path from node s to node ¢ in ‘
a directed graph with some negative edges: add a large constant to each edge weight so that all the
weights become positive, then run Dijkstra’s algorithm starting at node s, and return the shortest

path found to node t.
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Exercises 2
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You are given a strongly connected directed graph G = (V, E)) with positive edge weights along
with a particular node vy € V. Give an efficient algorithm for finding shortest paths between all
pairs of nodes, with the one restriction that these paths must all pass through v.

«O» «F)r «

it
v

DA



Algorithm Design VIl
Greedy Algorithms
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Minimum Spanning Trees
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Build a Network
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Suppose you are asked to network a collection of computers by linking selected pairs of them.
This translates into a graph problem in which
® nodes are computers,

¢ undirected edges are potential links, each with a maintenance cost.
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Build a Network
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The goalis to

* pick enough of these edges that the nodes are connected,
e the total maintenance cost is minimum.

One immediate observation is that the optimal set of edges cannot contain a cycle
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Properties of the Optimal Solutions UNVERSITY
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Removing a cycle edge cannot disconnect a graph.

So the solution must be connected and acyclic: undirected graphs of this kind are called trees.

A tree with minimum total weight, is a minimum spanning tree, MST.

Input: An undirected graph G = (V, E); edge weights w.
Output: Atree T = (V, E') with E’ C E that minimizes

weight(T) = Z We

ecE’

«O0>» «Fr» «E» « >

APAN G4



UNIVERSITY

Tl'eeS SHANGHAI JIAO TONG

A tree on n nodes has n — 1 edges.

To build the tree one edge at a time, starting from an empty graph.

Each of the n nodes is disconnected from the others, in a connected component by itself.

As edges are added, these components merge. Since each edge unites two different components,
exactly n — 1 edges are added by the time the tree is fully formed.

When a particular edge (u, v) comes up, we can be sure that v and v lie in separate connected

components, for otherwise there would already be a path between them and this edge would create
acycle.
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Any connected, undirected graph G = (V, E) with |[E| = |[V| — 1 is a tree.

It is the converse of Lemma (2). We just need to show that G is acyclic.
While the graph contains a cycle, remove one edge from this cycle.

The process terminates with some graph G’ = (V, E’), E' C E, which is acyclic and, by Lemma (1),
is also connected.

Therefore G’ is a tree, whereupon |E’| = |V| — 1 by Lemma (2). So E’' = E, no edges were
removed, and G was acyclic to start with.
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An undirected graph is a tree if and only if there is a unique path between any pair of nodes.

In a tree, any two nodes can only have one path between them; for if there were two paths, the union
of these paths would contain a cycle.

On the other hand, if a graph has a path between any two nodes, then it is connected. If these paths
are unique, then the graph is also acyclic.
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A Greedy Approach

E according to the following rule.

-

SHANGHAI ]IAO TONG
UNIVERSITY
Kruskal’'s minimum spanning tree algorithm starts with the empty graph and then selects edges from

Repeatedly add the next lightest edge that doesn’t produce a cycle.

Starting with an empty graph and then attempt to add edges in increasing order of weight

B-C;C-D;B-D;C—-—F;D-F,E—F;A-D;A—-B;C—-—FE;A-C
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The Cut Property
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is part of some MST.

X U {e}

Suppose edges X are part of a MST of G = (V, E). Pick any subset of nodes S for which X does
not cross between S and V'\S, and let e be the lightest edge across this partition. Then
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The Cut Property ’ %NIVERSIT\; B

A cut is any partition of the vertices into two
groups, S and V\S.

It is safe to add the lightest edge across any cut,
provided X has no edges across the cut.
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Proof of the Cut Property

Proof:

Edges X are part of some MST T; if the new edge e also happens to be part of T, then there is
nothing to prove.

So assume e is not in T'. We will construct a different MST 7" containing X U {e} by altering T’
slightly, changing just one of its edges.

Add edge e to T'. Since T is connected, it already has a path between the endpoints of e, so adding
e creates a cycle.

This cycle must also have some other edge ¢’ across the cut (S, V\S). If we now remove ¢’
T' =T U{e}\{'}
which we will show to be a tree.

T’ is connected by Lemma (1), since ¢’ is a cycle edge. And it has the same number of edges as T';
so by Lemma (2) and Lemma (3), it is also a tree.
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Proof of the Cut Property
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T’ is a minimum spanning tree, since

weight(T") = weight(T) + w(e) — w(e’)
Both e and ¢’ cross between S and V\ S, and e is the lightest edge of this type. Therefore
w(e) < w(e'), and

weight(T") < weight(T)

Since T is an MST, it must be the case that weight(

) = weight(T) and that 7" is also an MST
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(c) e @
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KRUSKAL (G, w)
input : A connected undirected graph G = (V, E), with edge weight w.
output: A minimum spanning tree defined by the edges X

for allu € V do
‘ makeset (U);
end
X={}
Sort the edges E by weight;
for all (u,v) € E in increasing order of weight do
if find (u)#find (v) then
add (u,v) to X;
union (u,v)
end

end
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Data Structure Retailer: Disjoint Sets
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makeset(z) create a singleton set containing z |V
find(x) find the set that = belong to 2. |E|
union(z, y)

merge the sets containingz andy |V| -1
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A General Kruskal’s Algorithm

P
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X={}
repeat until | X| = |V| —1;

pick a set S C V for which X has no edges between S and
V-5,

let e € E be the minimum-weight edge between S and V — S;
X =X U{e};
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a
i

DA



H H H '(77“\ SHANGHAI JIAO TONG
Prim’s Algorithm @) tvea

A popular alternative to Kruskal’s algorithm is Prim’s, in which the intermediate set of edges X
always forms a subtree, and S is chosen to be the set of this tree’s vertices.

On each iteration, the subtree defined by X grows by one edge.

The lightest edge between a vertex in S and a vertex outside S. We can equivalently think of S as
growing to include the vertex v ¢ S of smallest cost:

cost(v) = min w(u,v)
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PRIM (G, w)
input : A connected undirected graph G = (V, E), with edge weights w.
output: A minimum spanning tree defined by the array prev
for allu € V do
cost(u) = oo;
prev(u) = nil;
end
pick any initial node wo;
cost(ug) = 0;
H =makequeue (V') \\ using cost-values as keys;
while /1 is not empty do
v=deletemin (H);
for each (v, z) € /' do
if cost(z) > w(v, z) then
cost(v) = w(v, z); prev(z) = v;
decreasekey (H,z);
end
end

end
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DIJKSTRA (G, [, s)

input : Graph G = (V, E), directed or undirected; positive edge length {l. | e € E};
Vertex s € V

output: For all vertices u reachable from s, dist(u) is the set to the distance from s to
u

for allu € V do

dist(u) = oo;
prev(u) = nil;
end
dist(s) = 0;

H =makequeue (V') \\ using dist-values as keys;
while /7 is not empty do
u=deletemin (H);
for all edge (u,v) € E do
if dist(v) > dist(u) + l(u,v) then
dist(v) = dist(u) + l(u,v); prev(v) = u;
decreasekey (H,v);
end
end

end
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Let C be a cycle with no red edges, and select an uncolored edge of C' of max cost and color it red.

Let D be a edge set crossing a cut with no blue edges, and select an uncolored edge in D of min
cost and color it blue.

Apply the red and blue rules nondeterministically until all edges are colored.

The blue edges form an MST.
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The Problem

ey
A county is in its early stages of planning and is deciding where to put schools
There are only two constraints:

SHANGHAI JIAO TONG
UNIVERSITY

e each school should be in a town,

e cC

* and no one should have to travel more than 30 miles to reach one of them.
Q: What is the minimum number of schools needed?
(a)

eb
de

(b)
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The Problem Kw SHANGHAL J1AO TONG

This is a typical (cardinality) set cover problem.

® For each town z, let S, be the set of towns within 30 miles of it.
® A school at = will essentially “cover” these other towns.

® The question is then, how many sets S, must be picked in order to cover all the towns in the
county?
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Set Cover Problem
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® |nput: A set of elements B, sets Sy,

vaop S © 15
e Qutput: A selection of the S; whose union is B.
e Cost: Number of sets picked.
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Performance Ratio @) por

Suppose B contains n. elements and that the optimal cover consists of O PT sets. Then the greedy
algorithm will use at mostInn - OPT sets.

Proof.

Let n; be the number of elements still not covered after ¢ iterations of the greedy algorithm (so
no = n).

Since these remaining elements are covered by the optimal O PT sets, there must be some set with
at least n,/OPT of them.

Therefore, the greedy strategy will ensure that

nt 1

<ng— - -
it <= Gpn =l = 557)

which by repeated application implies

ne < mno(l — L)t
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Performance Ratio
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A more convenient bound can be obtained from the useful inequality

1—x<e “forallz
with equality if and only if z = 0,
Thus

1 _ _ _
ne < no(l— m)t < no(e oPT ) =ne obT
be covered.

Att =Inn- OPT, therefore, n, is strictly less than ne™ Inn — 1 which means no elements remain to
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Why Greedy Does Not Work: Coin Changing

«O0>» «Fr « >

a
it

DA




Coin changing

(\ “\ SHANGHAI JIAO TONG
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customer using fewest coins.

Goal. Given U. S. currency denominations {1, 5, 10, 25, 100}, devise a method to pay amount to
Example $34.

amount to be paid.

Cashier’s algorithm. At each iteration, add coin of the largest value that does not take us past the
Example $2.89.
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Cashier’s algorithm v

CASHIERS-ALGORITHM(z, ¢1, ¢, ..., Cp)

SORT n coin denominations so that 0 < c; <c2 < ... <cn ;
S« 0;

while 2 > 0 do

k < largest coin denomination ¢, such that ¢, < z;

if no such k then RETURN no solution;
else

T < T—Ck;
S« SU{k};
end

end
RETURN S;
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QU iZ SHANGHAI JIAO TONG

Is the cashier’s algorithm optimal?

A Yes, greedy algorithms are always optimal.
B Yes, for any set of coin denominations ¢1 < c2 < ... < ¢, provided ¢; = 1.

C Yes, because of special properties of U.S. coin denominations.
D No.
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Cashier’s algorithm (for arbitrary coin denominations)

SHANGHAI JIAO TONG
Q. Is cashier’s algorithm optimal for any set of denominations?

= UNIVERSITY
A. No. Consider U.S. postage: 1, 10, 21, 34, 70, 100, 350, 1225, 1500

e Cashier’s algorithm: $140 =100 +34+1+1+1+ 1+ 1+ 1.
e Optimal: $140 = 70 + 70.

A. No. It may not even lead to a feasible solution if ¢c; > 1: 7,8, 9.

e Cashier’s algorithm: $15 = 9+4-7.
® Optimal: $15 =7+ 8.

«0>» «F» « =>»

i
v

DA



Properties of any optimal solution (for U.S. coin denominations)
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Property. Number of pennies < 4.
Proof. Replace 5 pennies with 1 nickel.

= UNIVERSITY

Property. Number of nickels < 1.

Property. Number of quarters < 3.
Proof.

Property. Number of nickels + number of dimes < 2.

® Recall: < 1 nickel.

® Replace 3 dimes and 0 nickels with 1 quarter and 1 nickel;
® Replace 2 dimes and 1 nickel with 1 quarter.
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Optimality of cashier’s algorithm (for U.S. coin denominations)

Cashier’s algorithm is optimal for U.S. coins {1, 5,10, 25, 100}.
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Proof.

Consider optimal way to change ¢, < x < cx+1: greedy takes coin k.

Claim that any optimal solution must take coin k.

e if not, it needs enough coins of type ¢, ..., cr1 to add up to x.
e table below indicates no optimal solution can do this

Problem reduces to coin-changing z—c;, cents, which, by induction, is optimally solved by cashier’'s
algorithm.

all optimal solutions must  max value of c1, ca,...crx—1 in any

k ck satisfy optimal solution
1 1 P <4 none

2 5 N<1 4

3 10 N+D<2 44+5=9

4 25 Q<3 20 +4 =24

5 100 no limit 75+ 24 =99
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Review of Previous Lectures
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Build a Network

3
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Suppose you are asked to network a collection of computers by linking selected pairs of them.
This translates into a graph problem in which
® nodes are computers,

¢ undirected edges are potential links, each with a maintenance cost.
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Build a Network
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The goal is to

¢ pick enough of these edges that the nodes are connected,
e the total maintenance cost is minimum.

One immediate observation is that the optimal set of edges cannot contain a cycle
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PRIM (G, w)
input : A connected undirected graph G = (V, E), with edge weights w.
output: A minimum spanning tree defined by the array prev

for allu € V do
‘ cost(u) = oo; prev(u) = nil;
end
pick any initial node uo; cost(ug) = 0;
H =makequeue (V) \\ using cost-values as keys;
while 77 is not empty do
v=deletemin (H);
for each (v, z) € £ do
if cost(z) > w(v, z) then
‘ cost(v) = w(v, z); prev(z) = v; decreasekey (H,z);
end
end
end
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The Kruskal’s Algorithm @) o
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KRUSKAL (G, w)
input : A connected undirected graph G = (V, E), with edge weight we
output: A minimum spanning tree defined by the edges X

for allu € V do
‘ makeset (U);
end
X={}
Sort the edges F by weight;
for all (u,v) € E in increasing order of weight do
if find (u)#Afind (v)then
add (u,v) to X;
union (u,v)
end
end
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Priority Queue

Priority queue is a data structure usually implemented by heap.

Insert: Add a new element to the set.

Decrease-key: Accommodate the decrease in key value of a particular element.

Delete-min: Return the element with the smallest key, and remove it from the set.
Make-queue: Build a priority queue out of the given elements, with the given key values. (In

many implementations, this is significantly faster than inserting the elements one by one.)
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The Prim Algorithm @) tasmior
PRIM (G, w)
input : A connected undirected graph G = (V, E), with edge weights w.
output: A minimum spanning tree defined by the array prev

for allu € V do
‘ cost(u) = oo; prev(u) = nil;
end
pick any initial node uo; cost(ug) = 0;
H =makequeue (V) \\ using cost-values as keys;
while 77 is not empty do
v=deletemin (H);
for each (v, z) € £ do
if cost(z) > w(v, z) then
‘ cost(v) = w(v, z); prev(z) = v; decreasekey (H,z);
end
end
end

«40>» «F» «E» «

it
v
it

APAN G4



- " fﬁ HANGHALI JIAO TONG
Which Heap is Best @) vy

Implementation | deletemin | insert/decreasekey | |V|xdeletemin+(|V|+ |E|)X insert
Array o(vy) o(1) Oo(IV[*)

Binary heap O(log |V|) | O(log|V]) O((|V|+ |E]) log|V])

d-ary heap O(dllzgg\dV\) O(l‘ij‘)g"g') olt (d\V\-&-lIDE;\glloglVl)

Fibonacci heap | O(log|V]) | O(1) (amortized) O(|V|log|V| + |E])
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Which heap is Best
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A naive array implementation gives a respectable time complexity of O(|V|?), whereas with a binary
heap we get O((|V| + |E|) log |V]). Which is preferable?

This depends on whether the graph is sparse or dense.

* |E|is less than |[V|2. If itis Q(|V|?), then clearly the array implementation is the faster.

function of d. The optimal choice is d ~ |E|/|V;

e On the other hand, the binary heap becomes preferable as soon as | E| dips below |[V|?/1log [V].
® The d-ary heap is a generalization of the binary heap and leads to a running time that is a
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Array
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The simplest implementation is as an unordered array of key values for all potential elements.

An insert or decreasekey is fast, because it just involves adjusting a key value, an O(1) operation.
To deletemin, on the other hand, requires a linear-time scan of the list.
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Binary Heap
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Elements are stored in a complete binary tree.

In addition, The key value of any node of the tree is less than or equal to that of its children.

In particular, therefore, the root always contains the smallest element.
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Binary Heap

“bubble up”.
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@®
To insert, place the new element at the bottom of the tree (in the first available position), and let it

The number of swaps is at most the height of the tree |log, n|, when there are n elements.
(a)

() () (3)
(10) () (10) ()
DENORONNO W @ 6 ©
@) @ @ ® @) 0 @
(©) () @ ()
(10) (5) @)
w @6 O

\ ()
m @6 ®
(19 @) © @ OIDIOI®)
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Binary Heap

A decreasekey is similar, except the element is already in the tree, so we let it bubble up from its
current position.
(a) (3) ) O
(10) (5) (10) (5)
W e O OENORONNO)
(1) () @) OIOIDIO
© (3) @ (2)
(10) (5) \ (5)
W @6 ©
) @) (13 @

m @6 ®
OIOIOI®)
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Binary Heap

SHANGHAI JIAO TONG
UNIVERSITY

PN
®
To deletemin, return the root value, and remove it from the heap, take the last node in the tree (in
the rightmost position in the bottom row) and place it at the root.
Then let it “shift down”. Again this takes O(logn) time.

(e)

O ® ®
(7) () (1) (5)
OEEORONNO) OENEORONNO)
OIDIOIO) DIDIO)
(2 ) (h) (5)
(7) \ (1)
DENORONNO,

/
@) ) @
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The regularity of a complete binary tree makes it easy to represent using an array.

The tree nodes have a natural ordering: row by row, starting at the root and moving left to right
within each row.

If there are n nodes, this ordering specifies their positions 1, 2, . .., n within the array.

Moving up and down the tree is easily simulated on the array, using the fact that node number j has
parent |j/2] and children 25 and 25 + 1.
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A d-ary heap is identical to a binary heap, except that nodes have d children
This reduces the height of a tree with n elements to

©(log,n) = ©((logn)/(log d))

Inserts are therefore speeded up by a factor of O(log d).

Deletemin operations, however, take a little longer, namely O(dlog,n).
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Fibonacci Heap
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A Fibonacci heap is a collection of min-heap-ordered trees. Trees within Fibonacci heaps are rooted
but unordered linked by a circular, doubly linked list.

Each node = contains a pointer p[z] to its parent and a pointer child[z] to any one of its children.
The children of x are linked together in a circular, doubly linked list, which we call the child list of z.

Each child y in a child list has pointers left[y] and right[y] that point to y’s left and right siblings,
respectively.

If node y is an only child, then left[y] = right[y] = y. The order in which siblings appear in a child
list is arbitrary.
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Implementation | deletemin | insert/decreasekey | |V|xdeletemin+(|V|+ |E|)X insert
Array o(vy) o(1) Oo(IV[*)

Binary heap O(log |V|) | O(log|V]) O((|V|+ |E]) log|V])

d-ary heap O(dllzgg\dV\) O(l‘ij‘)g"g') olt (d\V\-&-lIDE;\glloglVl)

Fibonacci heap | O(log|V]) | O(1) (amortized) O(|V|log|V| + |E])
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KRUSKAL (G, w)
input : A connected undirected graph G = (V, E), with edge weight we
output: A minimum spanning tree defined by the edges X

for allu € V do
‘ makeset (U);
end
X={}
Sort the edges F by weight;
for all (u,v) € E in increasing order of weight do
if find (u)#Afind (v)then
add (u,v) to X;
union (u,v)
end
end
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Disjoint Sets
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makeset(z) create a singleton set containing z  |V]|
find(z) find the set that « belong to 2-|E]
union(z, y)

merge the sets containingz andy  |V| -1
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Disjoint Sets
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Union by rank

We store a set is by a directed tree. Nodes of the tree are elements of the set, arranged in no
particular order, and each has parent pointers that eventually lead up to the root of the tree.

This root element is a convenient representative, or name, for the set. It is distinguished from the
other elements by the fact that its parent pointer is a self-loop.

In addition to a parent pointer 7, each node also has a rank that, for the time being, should be
interpreted as the height of the subtree hanging from that node.
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MAKESET () FIND (x)
m(x) = x; while = # 7(z) do
rank (X):O’ ‘ T = 7T(£C),
end
return (X);

MAKESET is a constant-time operation.

FIND follows parent pointers to the root of the tree and therefore takes time proportional to the
height of the tree.

The tree actually gets built via the third operation, UNION, and so we must make sure that this
procedure keeps trees shallow.
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Union
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UNION (z, )
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’I"z=find (T) :
ry=£ind (y);
if . =, then return;
if rank (r;) >rank (r,) then
| W(ry) —
end

m(ra) =1

If ank (rs) =rank (1) then rank (ry) =rank (ry) +1;
end
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After makeset(A), makeset(B)

77777

After union(4, D),union(B, E),union(C

makeset(G):

111°

DA



An Example

After union(C, G),union(E

After union(B,G):
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For any non-root z, rank(z) < rank(rw(z)).

Proof Sketch:

By design, the rank of a node is exactly the height of the subtree rooted at that node. This means,

for instance, that as you move up a path toward a root node, the rank values along the way are
strictly increasing.
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Any root node of rank k has least 2" nodes in its tree. I
Proof Sketch:

get the results.

A root node with rank % is created by the merger of two trees with roots of rank & — 1. By induction to
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If there are n elements overall, there can be at most n/2k nodes of rank k.

Proof Sketch:
A node of rank & has at least 2" descendants.

Any internal node was once a root, and neither its rank nor its set of descendants has changed since
then.

Different rank-%k nodes cannot have common descendants. Any element has at most one ancestor of
rank k.
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The Analysis

P
£
3 ‘

SHANGHALI JIAO TONG
K ¢) UNIVERSITY

With the data structure as presented so far, the total time for Kruskal’s algorithm becomes
® O(|E|log |V|) for sorting the edges (log |V'| = log | E|),

® O(|E|log|V]) for the union and f£ind operations that dominate the rest of the algorithm.
can be done in linear time?

But what if the edges are given to us sorted? Or if the weights are small (say, O(|E|)) so that sorting
The main question:

THEN THE DATA STRUCTURE PART BECOMES THE BOTTLENECK!

How can we perform union’s and £ind’s faster than log n?
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FIND (x)

if 2 # 7(z) then 7(x)=FIND (7(z));
return (7(z));
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The benefit of this simple alteration is long-term rather than instantaneous and thus necessitates a
particular kind of analysis.

We need to look at sequences of £ind and union operations, starting from an empty data
structure, and determine the average time per operation.

This amortized cost turns out to be just barely more than O(1), down from the earlier O(logn).
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insides of the trees.

Think of the data structure as having a “top level” consisting of the root nodes, and below it, the
There is a division of labor:

® find operations (with or without path compression) only touch the insides of trees,
® union’s only look at the top level.

Thus path compression has no effect on union operations and leaves the top level unchanged.
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We know that the ranks of root nodes are unaltered, but what about non-root nodes?

The key point is that once a node ceases to be a root, it never resurfaces, and its rank is forever
fixed.

Therefore the ranks of all nodes are unchanged by path compression, even though these numbers
can no longer be interpreted as tree heights.

In particular,

® For any « that is not a root, rank(z) < rank(mw(x))
e Any root node of rank k has least 2 nodes in its tree.

® |f there are n elements overall, there can be at most n/2k nodes of rank k.
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If there are n elements, their rank values can range from 0 to log n.

Divide the nonzero part of this range into the following intervals:

{1},{2},{3,4},{5,6,...,16},{17,18,...,2'6 = 65536},
{65537, 65538, ..., 2655361

Each group is of the form {k + 1,k +2,...,2"} where k is a power of 2.
need to be applied to n to bring it down to 1 (or below 1).

The number of groups is log™ n, which is defined to be the number of successive log operations that

® For instance, log™ 1000 = 4 since loglog log log 1000 < 1.

® |n practice there will just be the first five of the intervals shown; more are needed only if
n > 255936 in other words never.
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Time Analysis

In a sequence of find operations, some may take longer than others.
We’ll bound the overall running time using some creative accounting.

We will give each node a certain amount of pocket money, such that the total money doled out is at
most nlog™ n dollars.

We will then show that each £ind takes O(log™ n) steps, plus some additional amount of time that
can be paid for using the pocket money of the nodes involved - one dollar per unit of time.

Thus the overall time for m find’s is O(mlog™ n) plus at most O(nlog™ n).
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A node receives its allowance as soon as it ceases to be a root, at which point its rank is fixed
If this rank lies in the interval {k +1,...,2"}, the node receives 2" dollars.

By Lemma 3, the number of nodes with rank > k is bounded by

n n <
ok+1 +2k+2+"'—T

Therefore the total money given to nodes in this particular interval is at most n dollars, and since

[\

there are log™* n intervals, the total money disbursed to all nodes is nlog™ n.
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Now, the time taken by a specific £ind is simply the number of pointers followed.
Consider the ascending rank values along this chain of nodes up to the root.

Nodes x on the chain fall into two categories:

e either the rank of 7(z) is in a higher interval than the rank of z,
® or else it lies in the same interval.

out of their pocket money for their processing time.

There are at most log™ n nodes of the first type, so the work done on them takes O(log™ n) time.
The remaining nodes - whose parents’ ranks are in the same interval as theirs - have to pay a dollar
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This only works if the initial allowance of each node x is enough to cover all of its payments in the
sequence of find operations.

Here’s the crucial observation: each time x pays a dollar, its parent changes to one of higher rank.

Therefore, if 2’s rank lies in the interval {k + 1,..., 2’“}, it has to pay at most 2* dollars before its
parent’s rank is in a higher interval; whereupon it never has to pay again.
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Shortest Paths in DAGs, Revisited
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Shortest Paths in Dags, Revisited
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The special distinguishing feature of a DAG is that its nodes can be linearized

information to compute dist(v)

If compute dist values in the left-to-right order, by the time get to a node v, we already have all the
V).
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Shortest Paths in Dags, Revisited
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Initialize all dist(.) value to oo;
dist(s)=0;
for each v € V\{s}, in linearized order do
| dist(v) = min(vyep{dist(v) + l(u,v)};
end

This algorithm is solving a collection of subproblems, {dist(u) | u € V'} ‘
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Dynamic Programming
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This algorithm is solving a collection of subproblems, {dist(u) : u € V'}.

Start with the smallest of them, dist(s).Then proceed with progressively “larger” subproblems,
where a subproblem is large if a lot of other subproblems is solved before get to it.

Dynamic programming is a powerful algorithmic paradigm in which a problem is solved by identifying
a collection of subproblems and tackling smallest first, using the answers to small problems to figure
out larger ones, until the whole lot of them is solved.

In dynamic programming we are not given a DAG; the DAG is implicit.
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Longest Increasing Subsequences
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The Problem
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The input of the longest increasing subsequence problem is a sequence of numbers a1,

A subsequence is any subset of these numbers taken in order, of the form

., 0n
@iy 5 Qig s
where 1 <i3 <is <...<ip <n.

<y Ay

An increasing subsequence is one in which the numbers are getting strictly larger

The task is to find the increasing subsequence of greatest length.
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Graph Reformulation

Create a graph of all permissible transitions:

® anode ; for each element a;,

¢ adirected edge (3, j) if possible for a; and a, to be consecutive elements in an increasing
subsequence: ¢ < j and a; < a;.

This graph G = (V, E) is a DAG, since all edges (i, j) have ¢ < j.
There is a one-to-one correspondence between increasing subsequences and paths in this DAG.
Therefore, the goal is to find the longest path in the DAG!
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forj =1 fondo

| L(j) = 1+ max{L(i) | (i,5) € E};
end

return (max; L(j));

L(3) is the length of the longest path - the longest increasing subsequence - ending at j (plus 1).
If there are no edges into j , we take zero.

The final answer is the largest L(j), since any ending position is allowed.
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Q: How long does this step take?

It requires the predecessors of j to be known; for this the adjacency list of the reverse graph G%,
constructible in linear time is handy.

The computation of L(j) then takes time proportional to the indegree of j, giving an overall running
time linear in |E|.

This is at most O(n?), the maximum being when the input array is sorted in increasing order.
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In order to solve our original problem, we have defined a collection of subproblems

{L(j) | 1 < j < n} with the following key property that allows them to be solved in a single pass

appear earlier in the ordering.

There is an ordering on the subproblems, and a relation that shows how to solve a
subproblem given the answers to “smaller” subproblems, that is, subproblems that

In our case, each subproblem is solved using the relation

L(j) =1+ max{L(:)|(i,j) € E}
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The formula for L(j) also suggests recursive algorithm.
Recursion is a very bad idea: the resulting procedure would require exponential time!
® eg. (i,7) forall i < j. The formula for subproblem L(j) becomes

L(j) =1+ max{L(1),L(2),...,L(; — 1)}

Why did recursion work so well with divide-and-conquer? In divide-and-conquer, a problem is
expressed in terms of subproblems that are substantially smaller, say, half the size.

In a dynamic programming, a problem is reduced to subproblems that are slightly smaller. Thus the
full recursion tree has polynomial depth and an exponential number of nodes.
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When a spell checker encounters a possible misspelling, it looks in its dictionary for other words that
are close by.

Q: What is the appropriate notion of closeness in this case?

A natural measure of the distance between two strings is the extent to which they can be aligned, or
matched up.

Technically, an alignment is simply a way of writing the strings one above the other.

S — N O W Y - 8 N O W — Y
s U N N — Y s U N - — N Y
Cost: 3 Cost: 5
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s — N O W Y S N O W Y
S U N N — Y s U N — — N Y
Cost: 3 Cost: 5

The cost of an alignment is the number of columns in which the letters differ.
The edit distance between two strings is the cost of their best possible alignment.
Edit distance is so named because it can also be thought of as the minimum number of edits.

The number of insertions, deletions, and substitutions of characters needed to transform the first
string into the second.
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What are the subproblems?
The goal is to find the edit distance between two strings, z[1,...,m] and y[1,...,n]

Forevery i,jwith1l <i<mand1l<j<n,let E(i,j): the edit distance between some prefix of the
first string, z[1, ..., ], and some prefix of the second, y[1, ..., j].

E(i,j) =min{l + E(: — 1,5),1+ E(i,j — 1),diff(i,j) + E(i — 1,5 — 1)}
where diff (i, 5) is defined to be 0 if z[7] = y[j] and 1 otherwise.
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Edit distance between EXPONENTIAL and POLYNOMIAL, subproblem E(4, 3) corresponds to the
prefixes EXPO and POL. The rightmost column of their best alignment must be one of the following:

o] — 0
or or
— L L

Thus, £(4,3) = min{1 + E£(3,3),1+ E(4,2); 1 + E(3,2)}.

(a) (b)
=1 n P OLYNOMTIATL
0 1 2 3 4 5 6 7 8 9 10
El1 1 2 3 4 5 6 7 8 9 10
X[2 2 2 3 4 5 6 7 8 9 10
P|3 2 3 3 4 5 6 7 8 9 10
i-1 | O|4 3 2 3 4 5 5 6 7 8 9
; ST N|l5 4 3 3 4 4 5 6 7 8 9
E|6 5 4 4 4 5 5 6 7 8 9
N|l7 6 5 5 5 4 5 6 7 8 9
T|8 7 6 6 6 5 5 6 7 8 9
I|9 8 7 7 7 6 6 6 6 7 8
. cont Al10 9 8 8 8 7 7 7 T 6 7
L{11 10 9 8 9 8 8 8 8 7 6
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The Algorithm

for: =0 fom do

| E(i,0) =1
end
for j =1 fon do
| E(Ovj):j;
end

for: =1 fom do
for j = 1 tom do

end

end
return (E(m,n));

The over running time is O(m - n).
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Finding the right subproblem takes creativity and experimentation.
There are a few standard choices that seem to arise repeatedly in dynamic programming.

® Theinputis z1,x2, ...z, and a subproblem is z1, z2, .

.., x;.The number of subproblems is
therefore linear.

® Theinputis x1,...2,,and y1,...,ym. A subproblemis zi,...,z; and y1,

..y;. The number of
subproblems is O(mn).

® Theinputis z1,...,z, and a subproblem is z;, x;+1, .

.., xj. The number of subproblems is
O(n?).

® The input is a rooted tree. A subproblem is a rooted subtree.
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In a robbery, a burglar finds much more loot than he had expected and has to decide what to take.
His bag (or “knapsack”) will hold a total weight of at most W pounds.
There are n items to pick from, of weight w1, ..., w, and dollar value v, ..., v,.

Q: What's the most valuable combination of items he can put into his bag?
There are two versions of this problem:

® there are unlimited quantities of each item available;
e there is one of each item.
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Example: Knapsack with Repetition
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Take W = 10, and

ltem Weight

Value
1 6 $30
2 3 $14

3 4 $16

4

2 $9

and there are unlimited quantities of each item available

«0O0>» «F» « =>»
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Knapsack with Repetition

For every w < W let

K(w) = maximum value achievable with a knapsack of capacity w

We express this in terms of smaller subproblems:

K(w) = max {K(w—w;) +v;}

prw; <w

K(0) =0;
forw =10 W do
‘ K(w) = max;.w, <w{K (W — w;) + v };
end
return (K(W));

The over running time is O(n - W).
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Example: Knapsack without Repetition
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Take W =9, and

ltem Weight Value
1 2 $3
2 3 $4
3 4 $5
4 5 87
and there is only one of each item available.
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Knapsack without Repetition
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Forevery w < Wand 0 < j < n, let
K(w, j) = maximum value achievable with a knapsack of capacity w and items 1,...,j
We express this in terms of smaller subproblems:

K(w,j) =max{K(w—wj,j — 1)+ v;, K(w,j — 1)}

«0>» «F» « >

i
v

DA



Knapsack without Repetition
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Initialize all K(0,5) =0and all K(w,0) = 0;

for j =1 fondo
forw =1 ton do

if w;, > wthen K(w,j) = K(w,j — 1);

K(w,j) = max{K(w —wj;,j — 1) +v;, K(w,j5 —1)};
end

end

return (K(W,n));

The over running time is O(n - W).

«O» «F)r «

it
v
a

it
v

i

DA

7\ SHANGHAI JIAO TONG



UNIVERSITY

(ﬂ“\ HANGHAI JIAO TONG
Longest Common Subsequence @) o

Problem. Given two strings z1x2 ... zm and y1y2 . . . yn, find a common subsequence that is as long
as possible.

Alternative viewpoint. Delete some characters from z; delete some character from y; a common

subsequence if it results in the same string.

Example. LCS(GGCACCACG, ACGGCGGATACG ) = GGCAACG.
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Solution for LCS
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0,
LOS[i, j] =

fi=0vj=0
LCS[i—1,5 —1]+1, if a[i] == b[j]
max{LCS[i —1,j], LCS[i,j — 1]}, otherwise.
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How about the longest common substring?
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Solution for LCS(substring)
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0, ifi=0vj =0
LCSi,j] = { LCS[i — 1,5 — 1]+ 1, if a[i] == b[j]
0, otherwise.
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The Problem
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Suppose that we want to multiply four matrices, A, B, C, D, of dimensions 50 x 20, 20 x 1, 1 x 10,
and 10 x 100, respectively.

Multiplying an m x n matrix by an n x p matrix takes m - n - p multiplications.

Parenthesization | Cost computation | Cost
Ax (BxC)xD) | 20-1-10+20-10-100 + 50 - 20 - 100 | 120,200
(Ax(BxC))xD | 20-1-10+50-20-10+50-10-100 | 60,200
(AxB)x (CxD) | 50-20-141-10-100450-1-100 | 7,000

Q: How do we determine the optimal order, if we want to compute A; x Az x ... x A,, where the
A;’s are matrices with dimensions mg X m1,m1 X ma,

.y Mp—1 X My, respectively?
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Binary Tree
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A particular parenthesization can be represented by a binary tree in which

e the individual matrices correspond to the leaves,
e the root is the final product, and

e interior nodes are intermediate products.

n leaves.

The possible orders in which to do the multiplication correspond to the various full binary trees with
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Subproblems
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For1 <i<j<nm,let
C(i,7) = minimum cost of multiplying A; X A;11 X ... X A;
C(i,4)

i<k<j

= min {C(i,k) + C(k+1,7) + mi—1 - my -m;}
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The Program

for: =1 tfondo
| C(i,i)=0;

end

fors=11ton—1do
fori—=11fon—sdo

j=1i4+s;

C(l,j) = mini§k<j{C’(z’, k) + C(k + 1,j) + mi—1 - myg - m]-};
end

end

return(C(1,n));

The over running time is O(n?).
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The Example
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Suppose that we want to multiply four matrices, A, B, C, D, of dimensions 50 x 20, 20 x 1, 1 x 10,
and 10 x 100, respectively.
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Shortest Reliable Paths
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Shortest Reliable Paths

In a network, even if edge lengths faithfully reflect transmission delays, there may be other
considerations involved in choosing a path.

For instance, each extra edge in the path might be an extra “hop” fraught with uncertainties and
dangers of packet loss.

We would like to avoid paths with too many edges.
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Shortest Reliable Paths
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Suppose then that we are given a graph G with lengths on the edges, along with two nodes s and ¢
and an integer k, and we want the shortest path from s to ¢ that uses at most & edges.
Dynamic programming will work!
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Dynamic Programming
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For each vertex v and each integer i < k, let
dist(v,1) = the length of the shortest path from s to v that uses ¢ edges

dist(v,1) =

u,v)EE

The starting values dist(v, 0) are co for all vertices except s, for which it is 0.
min {dist(u,i— 1)+ l(u,v)}
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Shortest Reliable Paths
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Find out the shortest reliable path from S to 7', when k& = 3.
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Bellman-Ford Algorithm

&
Nt

Iteration
Node | 0 | 1|2 |3 |4|5]|6]|7
S 0 0 0 0 0 0 010
A oo | 10 |10 | 5 5 5 515
B || |10 6|5 |5 |5
C 00 |oco|oo|loo| 11| 7|6 |6
D o0 | oo | oo |oco|oo| 14109
E oo |12 8| T | T | 7|7
F || 9 9 9 9 919
G o | 8 8 8 8 8 8 | 8
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All-Pairs Shortest Path
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What if we want to find the shortest path not just between s and ¢ but between all pairs of vertices?

One approach would be to execute Bellman-Ford-Moore algorithm |V| times, once for each starting
node.

The total running time would then be O(|V || E|).

We'll now see a better alternative, the O(|V'|*), named Floyd-Warshall algorithm.
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Floyd-Warshall Algorithm
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Dynamic programming again!
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Number the vertices in V as {1,2,...,n}, and let

dist(i, j, k) = the length of the shortest path from i to j in which only nodes {1,2,...,k} can be
used as intermediates.

Initially, dist(s, 7, 0) is the length of the direct edge between i and j, if it exists, and is co otherwise.
Fork>1

dist(i, j, k) = min{dist(s, j, k — 1), dist(i, k, k — 1) + dist(k,j, k — 1)}
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The Program
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fori =1 ton do
for j — 1 ton do
| dist(i, j,0) = oo;
end
end
forall(i,7) € E do
| dist(i, 4,0) = (i, 5);
end
for i =1 tondo
fori=11tondo
for j =1 fon do
‘ dist(i, j, k) = min{dist(i, j, k — 1), dist(i, k, k — 1) + dist(k, 5,k — 1)};
end
end
end

N
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Traveling Salesman Problem
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The Traveling Salesman Problem
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A traveling salesman is getting ready for a big sales tour. Starting at his hometown, he will conduct a
journey in which each of his target cities is visited exactly once before he returns home.

Q: Given the pairwise distances between cities, what is the best order in which to visit them, so as to
minimize the overall distance traveled?

The brute-force approach is to evaluate every possible tour and return the best one. Since there are
(n — 1)! possibilities, this strategy takes O(n!) time.
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Denote the cities by 1, ..., n, the salesman’s hometown being 1, and let D = (d;;) be the matrix of
intercity distances.

The goal is to design a tour that starts and ends at 1, includes all other cities exactly once, and has
minimum total length.

«0O>» «F»r» «=)» <

i
v
it

DA



(1\ HANGHALI JIAO TONG
The Subproblems @) Ao T

n = y UNIVERSITY

For a subset of cities S C {1,2,...,n} thatincludes 1, and j € S, let C(S, j) be the length of the
shortest path visiting each node in S exactly once, starting at 1 and ending at ;.

When |S| > 1, we define C(S,1) = co.

For j # 1 with j € S we have

C(5,4) = min C(S\{j},i) + di

1ESiFE]
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The Program
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C(1,1) =0;
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fors — 2 ton do

for all subsets S C {1,2,...,n} do
C(S,1) = oc;

forallj € Sandj #1do

| C(8,4) = miniesiz; C(S\ {4}, ) + dij;
end
end
end

return (min; C({1,2,...,n},5) + d;1);

There are at most 2" - n subproblems, and each one takes linear time.
The total running time is therefore O(n? - 2™).
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Independent Sets in Trees
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A subset of nodes S C V is an independent set of graph G = (V, E) if there are no edges between
them.

Finding the largest independent set in a graph is believed to be intractable.

However, when the graph happens to be a tree, the problem can be solved in linear time, using
dynamic programming.
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The Subproblems
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I(u) = size of largest independent set of subtree hanging from w.
I(u) = max{1 +

>

Iw), > I(w)}
grandchildren w of u children w of u
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An Introduction to Linear Programming
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Linear Programming
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A linear programming problem gives a set of variables, and assigns real values to them so as to

© satisfy a set of linear equations and/or linear inequalities involving these variables, and
@ maximize or minimize a given linear objective function.
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Example: Profit Maximization

A boutique chocolatier has two products:

e triangular chocolates, called Pyramide,

® and the more decadent and deluxe Pyramide Nuit.

Q: How much of each should it produce to maximize profits?

® Every box of Pyramide has a a profit of $1.
e Every box of Nuit has a profit of $6.

® The daily demand is limited to at most 200 boxes of Pyramide and 300 boxes of Nuit

® The current workforce can produce a total of at most 400 boxes of chocolate per day.
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LP Formulation
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Objective function maxx; + 622

Constraints x1 < 200
z2 < 300

x1 + x2 < 400

1,22 2 0

A linear equation in 2, and z» defines a line in the two-dimensional (2D) plane, and a linear
inequality designates a half-space, the region on one side of the line.

The set of all feasible solutions of this linear program is the intersection of five half-spaces.
It is a convex polygon.
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The Convex Polygon
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The Optimal Solution
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We want to find the point in this polygon at which the objective function is maximized.
The points with a profit of ¢ dollars lie on the line =1 + 6z2 = ¢, which has a slope of —1/6.
As cincreases, this “profit line” moves parallel to itself, up and to the right.

Since the goal is to maximize ¢, we must move the line as far up as possible, while still touching the
feasible region.

The optimum solution will be the very last feasible point that the profit line sees and must therefore
be a vertex of the polygon.
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The Convex Polygon
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400

Optimum point
/ Profit = $1900
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The Optimal Solution
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It is a general rule of linear programs that the optimum is achieved at a vertex of the feasible region.
all of them.

The only exceptions are cases in which there is no optimum; this can happen in two ways:

© The linear program is infeasible; that is, the constraints are so tight that it is impossible to satisfy
® Forinstance,z < 1,z > 2.

arbitrarily high objective values.

® The constraints are so loose that the feasible region is unbounded, and it is possible to achieve
® For instance, maxzi + x2
® z1,72 >0
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Solving Linear Programs ®
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Linear programs (LPs) can be solved by the simplex method, devised by George Dantzig in 1947.

This algorithm starts at a vertex, and repeatedly looks for an adjacent vertex of better objective
value.

It does hill-climbing on the vertices of the polygon, walking from neighbor to neighbor so as to
steadily increase profit along the way.

Upon reaching a vertex that has no better neighbor, simplex declares it to be optimal and halts.
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Solving Linear Programs
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Q: Why does this local test imply global optimality?

By simple geometry. Since all the vertex’s neighbors lie below the line, the rest of the feasible
polygon must also lie below this line.
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The Example

Profit $1900
300
200 $1400
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The chocolatier introduces a third and even more exclusive chocolates, called Pyramide Luxe. One
box of these will bring in a profit of $13.

Let x1, z2, 23 denote the number of boxes of each chocolate produced daily, with x5 referring to Luxe
all three variables is at most 400.

The old constraints on xz; and 2 persist. The labor restriction now extends to x5 as well: the sum of

Nuit and Luxe require the same packaging machinery. Luxe uses it three times as much, which
imposes another constraint z2 + 3z3 < 600.
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LP

max z1 + 6x2 + 1323
z1 < 200
4) S 300
aB1l - 489 - 5% §400
T2 + 3x3 < 600

T1, 22,25 > 0

<Or B 4
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The space of solutions is now three-dimensional.

Each linear equation defines a 3D plane, and each inequality a half-space on one side of the plane.
The feasible region is an intersection of seven half-spaces, a polyhedron.

A profit of ¢ corresponds to the plane z1 + 6x2 + 13z3 = c.

As c increases, this profit-plane moves parallel to itself, further into the positive orthant until it no
longer touches the feasible region.
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The point of final contact is the optimal vertex: (0,300, 100), with total profit $3100

Q: How would the simplex algorithm behave on this modified problem?
A possible trajectory

(0,0,0)  (200,0,0)  (200,200,0)  (200,0,200)
— — —
$0 $200 $1400

(0,300, 100)
N
$2800 $3100
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Integer Linear Programming and Rounding
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The company makes handwoven carpets, a product for which the demand is extremely seasonal.

Our analyst has just obtained demand estimates for all months of the next calendar year:
d1,ds, ..., d12, ranging from 440 to 920.

Currently with 30 employees, each of whom makes 20 carpets per month and gets a monthly salary
of $2000.

With no initial surplus of carpets.
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Example: Production Planning
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Q: How can we handle the fluctuations in demand? There are three ways:
overtime.

© Overtime. Overtime pay is 80% more than regular pay. Workers can put in at most 30%

® Hiring and firing, costing $320 and $400, respectively, per worker.

® Storing surplus production, costing $8 per carpet per month. Currently without stored carpets
on hand, and without any carpets stored at the end of year.
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w; = number of workers during i-th month; wo = 30.

x; = number of carpets made during i-th month.

0; = number of carpets made by overtime in month .
hi, fi = number of workers hired and fired, respectively,

at beginning of month 1.
number of carpets stored at end of month i; sp = 0.
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LP Formulation :

All variables must be nonnegative:

wi,mi,oi,hi,fi,si > O,i: 1,...,12

i=1,...,12.

The total number of carpets made per month consists of regular production plus overtime
x; = 20w; + o;

The number of workers can potentially change at the start of each month:

w; = wi—1+ hi — fi
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LP Formulation
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The number of carpets stored at the end of each month is what we started with, plus the number we
made, minus the demand for the month:

S$i=Si—1+xi—d;
And overtime is limited:

0; < 6w;
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LP Formulation
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The objective function is to minimize the total cost:

minQOOOZwi+32OZhi+4OOZfi+SZsi+1BOZoi
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Integer Linear Programming @) Do

The optimum solution might turn out to be fractional; for instance, it might involve hiring 10.6 workers
in the month of March.

This number would have to be rounded to either 10 or 11 in order to make sense, and the overall
cost would then increase correspondingly.

In the example, most of the variables take on fairly large values, and thus rounding is unlikely to
affect things too much.
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There are other LPs, in which rounding decisions have to be made very carefully to end up with an
integer solution of reasonable quality.

There is a tension in linear programming between the ease of obtaining fractional solutions and the
desirability of integer ones.

In NP problems, finding the optimum integer solution of an LP is an important but very hard problem,
called integer linear programming.
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Profit Maximization Revisit
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maxxi + 6.’E2
1 <200
z2 < 300
1 + 22 < 400

L1,T2 Z 0

Simplex declares the optimum solution to be (z1, z2) = (100, 300), with objective value 1900

Can this answer be checked somehow?
We take the first inequality and add it to six times the second inequality:

x1 + 622 < 2000
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Profit Maximization Revisit
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Multiplying the three inequalities by 0, 5, and 1, respectively, and adding them up yields

x1 + 622 < 1900
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Let’s investigate the issue by describing what we expect of these three multipliers, call them y1, y2,
Ys-

Multiplier Inequality
Y1 T < 200
Y2 o < 300
Y3 z1 + x2 <400

These y;’'s must be nonnegative, otherwise they are unqualified to multiply inequalities.

After the multiplication and addition steps, we get the bound:

(1 + y3)z1 + (y2 + y3)z2 < 200y1 + 300y2 + 400y3

We want the left-hand side to look like the objective function =1 + 625 so that the right-hand side is
an upper bound on the optimum solution.
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Multipliers

z1 + 622 < 200y; + 300y2 + 400ys3

Y1,Y2,y3 = 0
y1+ys>1
Y2 +y3 > 6
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The Dual Program
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We can easily find y's that satisfy the inequalities on the right by simply making them large enough,
for example (y1, y2,v3) = (5,3, 6).

These particular multipliers tell us that the optimum solution of the LP is at most
200 -5+ 300 - 3 4400 - 6 = 4300

What we want is a bound as tight as possible, so we minimize

200y1 + 300y2 + 400y3
subject to the preceding inequalities. This is a new linear program!
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The Dual Program
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min 200y1 + 300y2 —+ 400y3
y1+ys>1
y2+ys >6
Y1,Y2,y3 > 0

Any feasible value of this dual LP is an upper bound on the original primal LP.

If we find a pair of primal and dual feasible values that are equal, then they must both be optimal
Here is just such a pair:

® Primal: (z1,z2) = (100, 300);
e Dual: (y1,y2,93) = (0,5, 1).

They both have value 1900 and certify each other’s optimality.
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Matrix-Vector Form and Its Dual

Primal LP Dual LP
max CTX

miny”b
Ax <b

yTA Z CT
x>0 y>0
Primal LP:

Dual LP:
max 1Ty + -+ Cpp

a1 T+ + appry <b; foriel

min biy; + -+ + bym

a1y1 + -+ amjym > ¢; forje N
ai1xy + -+ ajpzr, =b; forie E apjyr + o+ AmiYm = ¢ for j ¢ N
z; >0 forjeN yi >0 foriel

DA



Matrix-Vector Form and Its Dual

max x1 + 62
z1 < 200
z2 < 300

z1 + 22 < 400

1,72 > 0

min 200y, + 300y2 + 400y3
y1+ys > 1
Y2 +ys > 6
Y1,Y2,y3 > 0
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Matrix-Vector Form and Its Dual
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Theorem (Duality)

coincide.

If a linear program has a bounded optimum, then so does its dual, and the two optimum values
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The number of variables in the dual is equal to that of constraints in the primal and the number of
constraints in the dual is equal to that of variables in the primal.

An inequality constraint has slack if the slack variable is positive.

The complementary slackness refers to a relationship between the slackness in a primal constraint
and the associated dual variable.
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LP and Its Dual
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max x; + 6x2
z1 < 200
T2 S 300

1+ 22 < 400

T1, X2 Z 0

min 200y, + 300y2 + 400y3
y1+ys > 1
Y2 +ys > 6

Y1,Y2,y3 > 0
r1 = 100, To = 300
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Assume LP problem (P) has a solution =* and its dual problem (D) has a solution y*.
@ /fz; > 0, then the j-th constraint in (D) is binding.
© Ifthe j-th constraint in (D) is not binding, then x§ = 0
® Ify; > 0, then the i-th constraint in (P) is binding.
O If the i-th constraint in (P) is not binding, then y; = 0.
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Brewery Problem
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Small brewery produces ale and beer.

® Production limited by scarce resources: corn, hops, barley malt.

* Recipes for ale and beer require different proportions of resources.

Beverage Corn(pounds) | Hops(ounces) | Malt(pounds) | Profit($)

Ale (barrel) 5 4 35 13
Beer (barrel) 15 4 20 23
constraint 480 160 1190

«0O)>» «F>»
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LP and its Dual

P

max 13x1 + 23z2
521 + 15z < 480 min 480y;1 + 160y2 + 1190ys
dz1 + 4a2 < 160 by + 4yz + 35y; > 13
3521 + 2022 < 1190 15y1 + 4y2 + 20ys > 23
T1,22 >0

Y1,Y2,y3 > 0

z] = 12,25 =28 yi=Ly; =2,y =0
Brewer: find optimal mix of beer Entrepreneur: buy individual
and ale to maximize profits. resources from brewer at min cost.

«0O0>» «F» « =>»

i
v

DA



LP Duality: Sensitivity Analysis

resources?

Q. How much should brewer be willing to pay (marginal price) for additional supplies of scarce
A. corn $1, hops $2, malt $0.

Q. Suppose a new product “light beer” is proposed. It requires 2 corn, 5 hops, 24 malt. How much
profit must be obtained from light beer to justify diverting resources from production of beer and ale?

A. At least 2 ($1) + 5 ($2) + 24 ($0) = $12/ barrel.
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Review of Previous Lecture
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LP

max z1 + 6x2 + 1323
x1 < 200
22 < 300
aB1l - 489 - 5% §400
o + 3x3 < 600

T1, 22,23 >0
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The point of final contact is the optimal vertex: (0, 300, 100), with total profit $3100.

Q: How would the simplex algorithm behave on this modified problem?
A possible trajectory

(0,0,0)  (200,0,0)  (200,200,0)  (200,0,200)
— — —
$0 $200 $1400

(0,300, 100)
N
$2800 $3100
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LP and Its Dual
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Primal LP i
iy miny”b
Ax <D ey
x>0 U2
Primal LP:

Dual LP:
max ey + - + e

ain@1 + -+ apa, <b foriel

min biyi + - + bnym
ay + -+ Gomgym >
a1 + - + Qinn =b; forie B

2; >0 forjeN

forje N
ay1 + -+ amjym = ¢; for j g N

yi >0 foriel
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LP and Its Dual
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max xri + 6132

z1 < 200 min 200y + 300y2 + 400ys
x2;300 -

z1 + x2 < 400 o

1,22 2 0

Y1,Y2,Y3 2 0
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Assume LP problem (P) has a solution =* and its dual problem (D) has a solution y*.
@ /fz; > 0, then the j-th constraint in (D) is binding.
© Ifthe j-th constraint in (D) is not binding, then x§ = 0
® Ify; > 0, then the i-th constraint in (P) is binding.
O If the i-th constraint in (P) is not binding, then y; = 0.
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Shortest Path
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Shortest path problem gives a weighted, directed graph G = (V, E), with weight function

w: £ — QT mapping edges to real-valued weights, a source vertex s, and destination vertex t. We
wish to compute the weight of a shortest path from s to ¢.
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Shortest Path in LP
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Q: Another formalization? '
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Shortest Path in LP

PN

®
LetS={SCV:seS tgS} thatis, Sis the set of all s-t cuts in the graph. Then
we can model the shortest s-t path problem with the following integer program,

SHANGHAI JIAO TONG
UNIVERSITY

min > WeZe

ecE

>oze>1

Ses
e€d(S)

ze € {0,1} e€FE
not in S.

where §(S) is the set of all edges that have one endpoint in .S and the other endpoint

e Can we relax the restriction z. € {0,1} to 0 < z. < 1?
e How about z. > 0?
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Shortest Path in LP

min Z WeXe

ecE
> Te21
e€é(S)

Ze >0

SesS

ec F

max 3. ys
Ses

ysSwe e€l
SeS.ees(S)
ys 2 0

=
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Standard Linear Programming
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Variants of Linear Programming
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A general linear program has many degrees of freedom:

@ It can be either a maximization or a minimization problem.

@ lts constraints can be equations and/or inequalities.

® The variables are often restricted to be nonnegative, but they can also be unrestricted in sign
transformations.

We will now show that these various LP options can all be reduced to one another via simple
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Variants of Linear Programming
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objective function by —1.

To turn a maximization problem into a minimization (or vice versa), multiply the coefficients of the

«0>» «F» « =>»
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Variants of Linear Programming
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To turn an inequality constraint like 3=, a;x; < b into an equation, introduce a new variable s and
use
n
Z a;xi+s=">0
=1

s>0
This s is called the slack variable for the inequality

constraints ax < band ax > b

To change an equality constraint into inequalities is easy: rewrite ax = b as the equivalent pair of

«0O0>» «F» « =>»
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Variants of Linear Programming
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Finally, to deal with a variable «x that is unrestricted in sign, do the following:

e Introduce two nonnegative variables, =, z~ > 0.

® Replace z, wherever it occurs in the constraints or the objective function, by z* —

«0>» «F» « =>»
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Standard Form
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We can reduce any LP into an LP of a much more constrained kind that we call the standard form:
e the variables are all nonnegative.

¢ the constraints are all equations.

® and the objective function is to be minimized.

max i + 62
z1 < 200
z2 < 300

x1 + 22 < 400

min —z; — 6x2
x1 + s1 = 200
- x2 + s2 = 300

1 + x2 + s3 = 400
T1,z2 = 0

T1,T2,S81,82,83 > 0
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The Simplex Algorithm
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General Description
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setv =

let v be any vertex of the feasible region, while there is a neighbor v' of v with better objective value:
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Vertices and Neighbors
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Definition (Vertex)

Each vertex is the unique point at which some subset of hyperplanes meet.

Pick a subset of the inequalities. If there is a unique point that satisfies them with equality, and this
point happens to be feasible, then it is a vertex.

Each vertex is specified by a set of n inequalities (say there are n variables).
Definition (Neighbors)

Two vertices are neighbors if they have n — 1 defining inequalities in common.
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The Example
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The Algorithm
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On each iteration, simplex has two tasks:

@® Determine where to move next.

© Check whether the current vertex is optimal (and if so, halt).

Both tasks are easy if the vertex is at the origin. If the vertex is elsewhere, we transform the
coordinate system to move it to the origin.

«0O>» «F»r « Z»
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The Convenience for the Origin
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Suppose we have some generic LP:
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max CTX
Ax <b
x>0
where x is the vector of variables, x = (z1,

ey Tn).
inequalities

{xl 2 O, .
are tight.

Suppose the origin is feasible. Then it is certainly a vertex, since it is the unique point at which the n
., Tn > 0}
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Task 1 in the Origin ®) s

The origin is optimal if and only if all ¢; < 0.

Proof.

If all ¢; < 0, then considering the constraints = > 0, we can’t hope for a better objective value.

Conversely, if some ¢; > 0, then the origin is not optimal, since we can increase the objective
function by raising x;.
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Task 2 in the Origin @) o

We can move by increasing some x; for which ¢; > 0.
Q: How much can we increase it?

A: Until we hit some other constraint.

We release the tight constraint z; > 0 and increase x; until some other inequality, previously loose,
now becomes tight.

We have exactly n tight inequalities, so we are at a new vertex.
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An EXampIe
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max 2x1 + 5xa

2oy S Tg = 4
x1+2m2§9
,$1+x2§3
z1 20

z2 20
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Vertex Elsewhere ,sS JisoT

The trick is to transform w into the origin, by shifting the coordinate system from the usual
(z1,...,zx) to the “local view” from w.

These local coordinates consist of distances v, .

.., yn to the n hyperplanes (inequalities) that
define and enclose w.

If one of these enclosing inequalities is a; - < b;, then the distance from a point = to that particular
“wall” is

yizbi—ai-:r

The n equations of this type, one per wall, define the y;’s as linear functions of the z;’s, and this
relationship can be inverted to express the xz;’s as a linear function of the y;’s.
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An EXampIe

max 221 + 5xa

max 15 + Ty1 — 5y2
221 — 22 < 4 -
x1+ 222 <9 .
71E1+(E2S3 y220

z1 20 5

r2 >0

—y1 4+ 12 <3
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An EXampIe
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max 15 + Ty1 — 5y2

y14y2 <7
3y1 — 2ys < 3

Y220

120

max22 — 7/3z1 —1/32

—1/321+5/322 <6
2120
z2 >0

1/321 a 2/322

—y1 + 12 <3

1/321 +1/32
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Rewriting the LP
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We can rewrite the entire LP in terms of the y’s.

This doesn’t fundamentally change, but expresses it in a different coordinate frame.
The revised “local” LP has the following three properties:

defining u.

© ltincludes the inequalities y > 0, which are simply the transformed versions of the inequalities
® u itself is the origin in y-space.

© The cost function becomes max ¢, + &'y, where ¢, is the value of the objective function at
and ¢ is a transformed cost vector.
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The Starting Vertex
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In a general LP, the origin might not be feasible and thus not a vertex.

It turns out that finding a starting vertex can be reduced to an LP and solved by simplex!
Start with any linear program in standard form:

min ¢ x such that Ax = b and z > 0.
sides of the i-th equation by —1.

We make sure that the right-hand sides of the equations are all nonnegative: if b; < 0, multiply both
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The Starting Vertex
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Then we create a new LP as follows:

e Create m new artificial variables z1, ...
® Add z; to the left-hand side of the i-th equation.

,zm > 0, where m is the number of equations.
® Let the objective, to be minimized, be z1 + z2 + ... + zm
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An Example

min —T1— 6.%2

z1 + s1 = 200

9 + s2 = 300
1 + T + x3 = 400

T1,%2,x3 > 0

min 21 + 22 + 23
x1+ 51+ 21 = 200
To + s2 + 220 = 300
z1 + x2 + x3 + 23 = 400
1, 22,23 >0

21,22, 23 Z 0
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The Starting Vertex
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For this new LP, it's easy to come up with a starting vertex, namely, the one with z; = b, for all < and
all other variables zero.

Therefore we can solve it by simplex, to obtain the optimum solution.

There are two cases:

@ If the optimum value of z1 + ... + z,, is zero,then all z;’s obtained by simplex are zero, and
hence from the optimum vertex of the new LP we get a starting feasible vertex of the original LP.

@ If the optimum objective turns out to be positive: We tried to minimize the sum of the z;’s, but it
cannot be zero. This means that the original linear program is infeasible.
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Degeneracy
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A vertex is degenerate if it is the intersection of more than n faces of the polyhedron, say n + 1

It means that if we choose any one of n sets of n + 1 inequalities and solve the corresponding
system of these linear equations in n unknowns, we’ll get the same solution in all n 4 1 cases.
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An EXampIe

ey
f‘@‘, SHANGHAI JIAO TONG
& =¢) UNIVERSITY

<O S

Q>



Degeneracy
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This is a serious problem: simplex may return a suboptimal degenerate vertex simply because all its
neighbors are identical to it and thus have no better objective.

If we modify simplex so that it detects degeneracy and continues to hop from vertex to vertex despite
lack of any improvement in the cost, it may end up looping forever.
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Degeneracy
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One way to fix this is by a perturbation:

change each b; by a tiny random amount to b; + ¢;.
solutions of the linear systems.

This doesn’t change the essence of the LP, but it has the effect of differentiating between the
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Unboundedness
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In some cases an LP is unbounded, in that its objective function can be made arbitrarily large (or
small, if it's a minimization problem).
If this is the case, simplex will discover it:

® |In exploring the neighborhood, it will notice that taking out an inequality and adding another
leads to an underdetermined system of equations.

larger, all the way to occ.

® The space of solutions contains a whole line across which the objective can become larger and
In this case simplex halts and complains.

«0>» «F» « =>»

i
v

DA



An EXampIe
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max xi + xa
o = 2 0

1,72 > 0
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The Running Time of Simplex
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Q: What is the running time of simplex, for a generic linear program:

maxc’x suchthat Ax < 0andx >0
where there are n variables and A contains m inequality constraints?

It is an iterative algorithm that proceeds from vertex to vertex. Let u be the current vertex.

Each of its neighbors shares n — 1 of these inequalities, so u can have at most n - m neighbors.

«0O0>» «F» « =>»
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The Running Time of Simplex @) vy

A naive way for an iteration:

@ check each potential neighbor to see whether it really is a vertex of the polyhedron,
@ determine its cost.

Finding the cost is quick, just a dot product.

Checking whether it is a true vertex involves: solve a system of n equations and check whether the
result is feasible.

By Gaussian elimination this takes O(n?) time, giving total O(mn*) per iteration.
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The Running Time of Simplex @) vy

A much better way: the mn* can be improved to mn.

Recall the local view from vertex u. The per-iteration overhead of rewriting the LP in terms of the
current local coordinates is just O((m + n)n).

The local view changes only slightly between iterations, in just one of its defining inequalities.
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The Running Time of Simplex
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To select the best neighbor, we recall that the objective function is of the form
maxcy +¢-y
where ¢, is the value of the objective function at w.

This immediately identifies a promising direction to move: we pick any ¢&; > 0.

Since the rest of the LP has now been rewritten in terms of the y-coordinates, it is easy to determine
how much y; can be increased before some other inequality is violated.

«0O0>» «F» « =>»
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The Running Time of Simplex @) jrot

Q: How many iterations could there be?
A: At most ("1™, i.e., the number of vertices.

n

It is exponential in n.

And in fact, there are examples of LPs for which simplex does indeed take an exponential number of
iterations.

Simplex is an exponential-time algorithm.

However, such exponential examples do not occur in practice, and it is this fact that makes simplex
so0 valuable and so widely used.
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Smoothed analysis proposed by Daniel Spielman and Shanghua Teng is a way of
measuring the complexity of an algorithm. It gives a more realistic analysis of the
practical performance of the algorithm. It was used to explain that the simplex

algorithm runs in exponential-time in the worst-case and yet in practice it is a very
efficient algorithm, which was one of the main motivations for developing smoothed
analysis. The authors received the 2008 Gddel Prize and the 2009 Fulkerson Prize.
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Max-Flow Min-Cut in LP
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We have a network of pipelines along which oil can be sent.
The goal is to ship as much oil as possible from the source to the sink.

Each pipeline has a maximum capacity it can handle, and there are no opportunities for storing oil
en route.
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A Flow Example
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Maximizing Flow
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The networks consist of a directed graph G = (V, E); two special nodes s, ¢ € V, a source and sink
of G; and capacities c. > 0 on the edges.

Aim to send as much oil as possible from s to ¢ without exceeding the capacities of any of the edges.

«40>» «F» «E» <

>

APAN G4



Maximizing Flow
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A flow consists of a variable f. for each edge e of the network, satisfying the following two properties
@ It doesn’t violate edge capacities: 0 < f. < c. foralle € E.

® For all nodes u except s and ¢, the amount of flow entering v equals the amount leaving

Z fwu: Z fuz

(w,w)EE
In other words, flow is conserved.

(u,z)EE
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Maximizing Flow

R
{*{ | SHANGHAI JIAO TONG
Kw ¢) UNIVERSITY

the quantity leaving s:

Val(f): Z fsu

The value of a flow is the total quantity sent from s to ¢ and, by the conservation principle, is equal to

(s,u)EE
linear objective function.

Our goal is to assign values to { f.|e € E} that will satisfy a set of linear constraints and maximize a

This is a linear program. The maximum-flow problem reduces to linear programming.
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11 variables, one per edge.
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maximize fsq + fso + fsc

27 constraints:

® 11 for nonnegativity (such as fs, > 0),
e 11 for capacity (such as fs, < 3),

fsc + fdc

= fce)-

e 5 for flow conservation (one for each node of the graph other than s and ¢, such as
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Another Representation @) vy

First, introduce a fictitious edge of infinite capacity from ¢ to s thus converting the flow to a circulation;

The objective is to maximize the flow on this edge, denoted by fi.

The advantage of making this modification is that we can now require flow conservation at s and ¢ as
well.
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Another Representation

max fis

fij < cij (i,j) € E

Z fwi_ Z fzzSO 'LEV

(w,i)eE (i,2)€E

fij>0

(i,j) € E
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A Closer Look at the Algorithm
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Simplex algorithm keeps making local moves on the surface of a convex feasible region,
successively improving the objective function until reaches the optimal solution.

The behavior of the simplex has an elementary interpretation:
e Start with zero flow.

as much as possible.

® Repeat: choose an appropriate path from s to ¢, and increase flow along the edges of this path
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A Closer Look at the Algorithm

) SHANGHAI JIAO TONG
) UNIVERSITY

What if we choose a path that blocks all other paths?

Simplex gets around this problem by also allowing paths to cancel existing flow.
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A Closer Look at the Algorithm
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types:

To summarize, in each iteration simplex looks for an s — ¢ path whose edges (u,v) can be of two
@ (u,v) is in the original network, and is not yet at full capacity.

® The reverse edge (v, u) is in the original network, and there is some flow along it.
of flow;

If the current flow is f, then in the first case, edge (u, v) can handle up to ¢, — fu.» additional units

in the second case, up to f... additional units (canceling all or part of the existing flow on (v, w)).
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A Closer Look at the Algorithm S“"N“"“ oTons

These flow-increasing opportunities can be captured in a residual network G¥ = (V, Ef), which has
exactly the two types of edges listed, with residual capacities ¢7:

Cuv — fuo  if (u,v) € Eand fuy < cuo
fou if (v,u) € Eand fyu >0

Thus we can equivalently think of simplex as choosing an s — ¢ path in the residual network.

By simulating the behavior of simplex, we get a direct algorithm for solving max-flow.

It proceeds in iterations, each time explicitly constructing G/, finding a suitable s — ¢ path in G by

the breadth-first search, and halting if there is no longer any such path along which flow can be
increased.
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Cuts

(a9
A truly remarkable fact:

Not only does simplex correctly compute a maximum flow, but it also generates a short proof of the
optimality of this flow!

An (s, t)-cut partitions the vertices into two disjoint groups L and R, such that s € L and ¢ € R. lts

capacity is the total capacity of the edges from L to R, and as argued previously, is an upper bound
on any flow:

Pick any flow f and any (s, t)-cut (L, R). Then size(f) < capacity(L, R).
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A Certificate of Optimality

) SHANGHAI JIAO TONG
) UNIVERSITY

Theorem (Max-flow min-cut)

The size of the maximum flow in a network equals the capacity of the smallest (s, t)-cut.
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A Certificate of Optimality {

Proof:
Suppose f is the final flow when the algorithm terminates.

We know that node ¢ is no longer reachable from s in the residual network G~.

Let L be the nodes that are reachable from s in Gf, and let R = V\ L be the rest of the nodes.

We claim that size(f) = capacity(L, R).

To see this, observe that by the way L is defined, any edge going from L to R must be at full
capacity (in the current flow f), and any edge from R to L must have zero flow.

Therefore the net flow across (L, R) is exactly the capacity of the cut.
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An Example of Max-Flow Min-Cut
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Efficiency {

Each iteration is efficient, requiring O(|E|) time if a DFS or BFS is used to find an s — ¢ path.

But how many iterations are there?
Suppose all edges in the original network have integer capacities < C. Then on each iteration of the
algorithm, the flow is always an integer and increases by an integer amount. Therefore, since the

maximum flow is at most C|E]|.

If paths are chosen by using a BFS, which finds the path with the fewest edges, then the number of
iterations is at most O(|V'| - | E|). Edmonds-Karp algorithm

This latter bound gives an overall running time of O(|V| - | E|?) for maximum flow.
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BOYS GIRLS
Al Alice
Bob Beatrice
Chet Carol
Dan

Danielle
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Min-Max Relations in LP

«O>» «Fr «

it
v

DA




LP for Max Flow

max fis
fig < cij

Z fWi_ Z fzzSO

(w,i)eE (i,2)€E

fi; 20

(i,j) € E

eV

(i,j) € E

«0O» «F)r «

7\ SHANGHAI JIAO TONG
UNIVERSITY

DA



LP-Duality

= UNIVERSITY

> cigdi;

(i,j)€EE

dij —pi+p; >0 (i,j) €E

ps —pt > 1
dij >0 (i,j) € E
pi > 0 1eV
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min Z Cijdij

(i,5)€E

dij —pi+p; 20 (i,j) €E
ps —pt > 1
di; €{0,1} (i,j) e E
pi € {0,1} 1eV

To obtain the dual program we introduce variables d;; and p; corresponding to the two types of
inequalities in the primal.

® d;;: distance labels on edges;
® p;: potentials on nodes.
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min Z Cijdij
(i,7)€EE
dij—pi+p; >0 (i,j) € E
ps—pt > 1
di;j € {0,1} (i,j) € E
pi € {0,1} ieV
Let (d*, p*) be an optimal solution to this integer program.

The only way to satisfy the inequality p; — p; > 1 with a 0/1 substitution is to set p; = 1 and p; =0

This solution defines an s — ¢ cut (X, X ), where X is the set of potential 1 nodes, and X the set of
potential 0 nodes.
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min Z Cijdij
(i,j)€EE
dij—pi+p; 20 (i,j) €E
ps —pt > 1
dij €{0,1} (i) €E
pi € {0,1} ieV
Consider an edge (4, j) with i € X and j € X, Since p; = 1 and p; = 0, and thus d;; = 1

The distance label for each of the remaining edges can be set to either 0 or 1 without violating the
first constraints.

The objective function value is precisely the capacity of the cut (X, X), and hence (X, X) must be a
minimum s — ¢ cut.
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The integer program is a formulation of the minimum s — ¢ cut problem.

The dual program can be viewed as a relaxation of the integer program where the integrality
constraint on the variables is dropped.

This leads to the constraints 1 > d;; > 0 for (i,j7) € Eand1 > p; > 0fori e V.

The upper bound constraints on the variables are redundant; their omission cannot give a better
solution.

We will say that this program is the LP relaxation of the integer program.
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The best fractional s — t cut could have lower capacity than the best integral cut. This does not
happen here.

Now, it can be proven that each vertex solution is integral, with each coordinate being 0 or 1.

The constraint matrix of this program is totally unimodular, Thus, the dual program always has an
integral optimal solution.
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Set Cover
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® Input: A set of elements U, sets 51,

ey Sm CU
e Qutput: A selection of the S; whose union is U.
e Cost: Number of sets picked.
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Set Cover
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e Input: A set of elements U, sets S1,...,S,, C U, and a cost functionc: S — Q™.
e Qutput: A selection of the S; whose union is U.
® Cost: Sum of costs of set picked.

cover problem.

The special case, in which all subsets are of unit cost, will be called the cardinality set
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Quiz: Set Multicover
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Each element, e, needs to be covered a specified integer number, r., of times.

The objective again is to cover all elements up to their coverage requirements at minimum cost.
Each set can be picked at most once.
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Integer Program
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Let r. € Z be the coverage requirement for each element e € U.

min Z c(S)zs

ses
Z TS > Te, ecU
S:eecS
xzg € {0,1}, Ses
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Linear Program Relaxation
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In the LP-relaxation, the constraints zs < 1 are no longer redundant.

min Z c(S)zs

ses
Z TS > Te, ecU
S:eeS
—xs > —1, Ses
zs > 0, SesS
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The additional constraints in the primal lead to new variables, zs, in the dual.

max Z Tele — Z zs

ecU Ses

(> ye) —2s < c(S), Ses
eie€S

Ye > 0, ecU
zs 2 0, Ses
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Efficient Problems, Difficult Problems
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We have developed algorithms for

® FINDING SHORTEST PATHS IN GRAPHS,
® MINIMUM SPANNING TREES IN GRAPHS,
® MATCHINGS IN BIPARTITE GRAPHS,

® MAXIMUM INCREASING SUBSEQUENCES,
MAXIMUM FLOWS IN NETWORKS,

All these algorithms are efficient, since their time requirement grows as a polynomial function (such
as n, n?, or n®) of the size of the input.
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Exponential Search Space

In these problems we are searching for a solution (path, tree, matching) from among an exponential
population of possibilities.

All these problems could in principle be solved in exponential time by checking through all candidate
solutions, one by one.

An algorithm with running time 2", or worse, is useless in practice.
The efficient algorithms is to find clever ways to bypass exhaustive search, using clues from the
input to narrow down the search space.

Are there “search problems” in which seeking a solution among an exponential chaos, and the
fastest algorithms for them are exponential?
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MINIMUM SPANNING TREES
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Build a Network

prn
®

Suppose you are asked to network a collection of computers by linking selected pairs of them.
This translates into a graph problem in which

SHANGHAI JIAO TONG
UNIVERSITY

® nodes are computers,

¢ undirected edges are potential links, each with a maintenance cost.
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A General Kruskal’s Algorithm
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X={}

repeat until | X| = |V| — 1;

X =XU{e};

pick a set S C V for which X has no edges between Sand V' — S;
let e € E be the minimum-weight edge between S and V — S;
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A Little Change of the MST
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WHAT IF THE TREE IS NOT ALLOWED TO BRANCH?
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SATISFIABILITY PROBLEM
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Satisfiability

R
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The instances of SATISFIABILITY or SAT:

(xVyVz)(zVy)(yVz)(z2VI)(TVYVZ)
a Boolean formula in conjunctive normal form (CNF).

It is a collection of clauses (the parentheses),

® each consisting of the disjunction of several literals;

* aliteral is either a Boolean variable or the negation of one.

A satisfying truth assignment is an assignment of false or true to each variable so that every
clause contains a literal of true.

Given a Boolean formula in conjunctive normal form, either find a satisfying truth assignment or else
report that none exists.
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2-SAT
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so that all clauses are satisfied.

Given a set of clauses, where each clause is the disjunction of two literals, looking for an assignment

(x1 Va2) A (T1 Vas) Az VT2) A (z3Vxa) A (T1 V Ta)

G = (V, E) as follows.

Given an instance I of 2-SAT with n variables and m clauses, construct a directed graph

® (1 has 2n nodes, one for each variable and its negation.

® (G has 2m edges: for each clause (« V ) of I, G; has an edge from the negation of a to 3,
and one from the negation of 5 to «.
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Show that if G has a strongly connected component containing both « and z for some variable z,
then I has no satisfying assignment.

If none of G’s strongly connected components contain both a literal and its negation, then the
instance I must be satisfiable.

Conclude that there is a linear-time algorithm for solving 2-SAT.
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3-SAT, SAT?
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Various Problem Definitions and Reductions
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Satisfiability
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The instances of SATISFIABILITY or SAT:

(xVyVz)(zVy)(yVz)(z2VI)(TVYVZ)
a Boolean formula in conjunctive normal form (CNF).

It is a collection of clauses (the parentheses),

® each consisting of the disjunction of several literals;

* aliteral is either a Boolean variable or the negation of one.

A satisfying truth assignment is an assignment of false or true to each variable so that every
clause contains a literal of true.

Given a Boolean formula in conjunctive normal form, either find a satisfying truth assignment or else
report that none exists.
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Decision Problem and Search Problem

P

\ SHANGHAI JIAO TONG

UNIVERSITY

Decision problem. Does there exist an assignment to satisfy the formula in CNF?

Search problem. Find an assignment to satisfy the formula.
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Decision VS. Search
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Turning an decision problem into a search problem does not change its difficulty, because the two
versions reduce to one another.

The decision problem is a special version of the search problem.
The solution of the search problem is on the output tape of the Turing machine that encodes the

decision problem.

For the SAT, we can ask the assignment of each variable one by one until all variables are finally

assigned. The total execution time is bounded by the number of variables times the execution time
of the decision problems.
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Search Problems
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SAT is a typical search problem.
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We are given an instance I

e Some input data specifying the problem
® A Boolean formula in conjunctive normal form

we are asked to find a solution S

® An object that meets a particular specification
® An assignment that satisfies each clause

If no such solution exists, we must say so.
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Search Problems
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quickly checked for correctness.

A search problem must have the property that any proposed solution S to an instance I can be

S must be concise, with length polynomially bounded by that of 1.

® This is true for SAT, where S is an assignment to the variables.
solution of I.

There is a polynomial-time algorithm that takes as input I and S and decides whether or not S is a

® For SAT, it is easy to check whether the assignment specified by S satisfies every clause in 1.
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Search Problems
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A search problem is specified by an algorithm C' that takes two inputs, an instance I and a proposed
solution S, and runs in time polynomial in |1].

We say S is a solution to I if and only if C'(Z, S) = true.
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Satisfiability Revisit
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Researchers over the past 80 years have tried to find efficient ways to solve the SAT, but without
success.

The fastest algorithms we have are still exponential on their worst-case inputs.
There are two natural variants of SAT with good algorithms.

e 2-SAT can be solved in linear time.

® All clauses contain at most one positive literal, say Horn formula, can be found by the greedy
algorithm.
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In the traveling salesman problem(TSP) we are given n vertices and all n(n — 1)/2 distances
between them, and a budget b.

To find a cycle that passes through every vertex exactly once, of total cost b or less - or to report that
no such cycle.

A permutation 7(1), ..., 7(n) of the vertices such that when they are toured in this order, the total
distance covered is at most b:

dry,r2 tdr@)r@ -+ demyr) <0
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Optimization Problem and Search Problem
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Optimization problem. given an instance of TSP, find the minimum cost tour.

Search problem. given an instance of TSP, find a tour within the budget (or report that none exists).
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Search VS. Optimization
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two versions reduce to one another.

Turning an optimization problem into a search problem does not change its difficulty, because the
Any algorithm that solves the optimization also solves the search problem:

¢ find the optimum tour and if it is within budget, return it; if not, there is no solution.
Conversely, an algorithm for the search problem can also be used to solve the optimization problem:
® We can find the optimum cost by binary search.

® First suppose that we knew the cost of the optimum tour; then we could find this tour by calling
the algorithm for the search problem, using the optimum cost as the budget.
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Isn’'t any optimization problem also a search problem in the sense that we are searching for a
solution that has the property of being optimal?

The solution to a search problem should be easy to recognize, or as we put it earlier,
polynomial-time checkable.

Given a potential solution to the TSP, it is easy to check the properties “is a tour” (just check that
each vertex is visited exactly once) and “has total length < b”

But how could one check the property "is optimal”?

«O0>» «F» «=)» <

i
v
it

DA



TSP Revisit {
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There are no known polynomial-time algorithms for the TSP, despite much effort by researchers
over nearly a century.

There exists a faster, yet still exponential, dynamic programming algorithm.

The MINIMUM SPANNING TREE (MST) problem, for which we do have efficient algorithms, provides a
stark contrast here.

The TSP can be thought of as a tough cousin of the MST problem, in which the tree is not allowed
to branch and is therefore a path.

This extra restriction on the structure of the tree results in a much harder problem.
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Euler Path

EULER PATH:
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Given a graph, find a path that contains each edge exactly once

Northern bank

Small Big
island island

Southern bank
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The answer is yes if and only if
© the graph is connected and

has even degree.

@ every vertex, with the possible exception of two vertices (the start and final vertices of the walk),
There is a polynomial time algorithm for EULER PATH.
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Rudrata Cycle

RUDRATA CYCLE:

@ SHANGHAI JIAO TONG
Given a graph, find a cycle that visits each vertex exactly once.
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In the literature this problem is known as the Hamilton cycle problem
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Minimum Cut
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A cut is a set of edges whose removal leaves a graph disconnected.

MINIMUM CUT: given a graph and a budget b, find a cut with at most b edges.

)
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Minimum Cut
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This problem can be solved in polynomial time by n — 1 max-flow computations:
® give each edge a capacity of 1,

¢ and find the maximum flow between some fixed node and every single other node.

The smallest such flow will correspond (via the max-flow min-cut theorem) to the smallest cut.
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In many graphs, the smallest cut leaves just a singleton vertex on one side - it consists of all edges
adjacent to this vertex.

Far more interesting are small cuts that partition the vertices of the graph into nearly equal-sized
sets.

BALANCED cUT: Given a graph with n vertices and a budget b, partition the vertices into two sets S
and T such that | S|, |T'| > n/3 and such that there are at most b edges between S and 7.
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Linear Programming
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them so as to

In a LINEAR PROGRAMMING problem we are given a set of variables, and to assign real values to

© satisfy a set of linear equations and/or linear inequalities involving these variables, and
@ maximize or minimize a given linear objective function.
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Linear Programming
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max z1 + 6x2 + 1323
z1 < 200
4) S 300

aB1l - 489 - 5% §400

T2 + 3x3 < 600

T1, 22,25 > 0

<Or B 4
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INTEGER LINEAR PROGRAMMING (ILP): We are given a set of linear inequalities Ax < b, where

® Aisanm x n matrix and
® pis an m-vector;

® an objective function specified by an n-vector c;
® agoalg.

We want to find a nonnegative integer n-vector = such that Ax < bandc-x > g.
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Integer Linear Programming
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max 221 + 5x2

2$1 — T2 S 4

z1 + 222 <9

2z + 512 < g
—x1+x2 <3
T1,x2 20

2:61—:62§4
z1+ 222 <9

—x1+22 <3
But there is a redundancy here:

T1, T2 2 0

e the last constraint ¢ - x > g is itself a linear inequality and
® can be absorbed into Ax < b.
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Integer Linear Programming
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So, we define ILP to be following search problem:

Given A and b, find a nonnegative integer vector x satisfying the inequalities Ax < b.
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Bipartite Matching

BOYS GIRLS
Al Alice
Bob Beatrice
Chet Carol
Dan

Danielle
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Bipartite Matching
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3D MATCHING: There are n boys, n girls, and n pets. The
compatibilities are specified by a set of triples, each
containing a boy, a girl, and a pet.

Chet

Alice
Beatrice

Carol

A triple (b, g, p) means that boy b, girl g, and pet p get
along well together.

To find n disjoint triples and thereby create n harmonious
households.

Armadillo Bobcat Canary

«O0>» «F» «=)» <

i
v
it

DA



INDEPENDENT SET, VERTEX COVER, AND CLIQUE
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Independent Set, Vertex Cover, and Clique @) T

INDEPENDENT SET: Given a graph and an integer g, find
g vertices, no two of which have an edge between them.

VERTEX COVER: Given a graph and an integer b, find b
vertices cover (touch) every edge.

CLIQUE: Given a graph and an integer g, find g vertices
such that all possible edges between them are present.
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Longest Path
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LONGEST PATH: Given a graph G with nonnegative edge weights and two distinguished vertices s
and ¢, along with a goal g.

To find a path from s to ¢ with total weight at least g.

To avoid trivial solutions we require that the path be simple, containing no repeated vertices.
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KNAPSACK: Given integer weights wi, ..., w, and integer values v, .

.., vy, for n items. We are also
given a weight capacity W and a goal g.

Seek a set of items whose total weight is at most W and whose total value is at least g.

The problem is solvable in time O(nW) by dynamic programming.
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Knapsack
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Is there a polynomial algorithm for KNAPSACK? Nobody knows of one.
A variant of the KNAPSACK problem is that the unary integers.

® by writing 771111111111 for 12.

® |t defines a legitimate problem, which we could call UNARY KNAPSACK.
® |t has a polynomial algorithm.

A different variation:

e Suppose now that each item’s value is equal to its weight, the goal g is the same as the
capacity W.

® This special case is tantamount to finding a subset of a given set of integers that adds up to
exactly W.

¢ Q: Could it be polynomial?
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Subset Sum
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SUBSET suM: Find a subset of a given set of integers that adds up to exactly W.
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P and NP Problems
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Set Cover
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® |nput: A set of elements B, sets Si1,...,S5, C B

e Qutput: A selection of the S; whose union is B.
e Cost: Number of sets picked.

«O0» «F)r « =
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Graph Isomorphism

Graph Isomorphism

An isomorphism of graphs G and H is a bijection between the vertex sets of G and H

f:V(G)— V(H)

such that any two vertices u and v of G are adjacent in G if and only if f(u) and f(v)
are adjacent in H.

«40>» «F» «E» «
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Hard Problems, Easy Problems

Hard problems (NP-complete) Easy problems (in P)
3SAT 2SAT, HORN SAT
TRAVELING SALESMAN PROBLEM
LONGEST PATH

3D MATCHING

MINIMUM SPANNING TREE
KNAPSACK

SHORTEST PATH

BIPARTITE MATCHING
INDEPENDENT SET

INTEGER LINEAR PROGRAMMING
RUDRATA PATH
BALANCED CUT

UNARY KNAPSACK
INDEPENDENT SET ON TREES
LINEAR PROGRAMMING
EULER PATH
MINIMUM CUT

«0» «F»

i
v
a
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if A search problem satisfies:

@ there exists an efficient checking algorithm C, taking as input the given instance I, a
solution S, and outputs true iff S is a solution I.
® The running time of C(I, S) is bounded by a polynomial in |I].

We denote the class of all such problems by NP.

«40>» «F» «E» «
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An algorithm that takes as input an instance I and has a running time polynomial in |I].
® [ has a solution, the algorithm returns such a solution;

® [ has no solution, the algorithm correctly reports so.

The class of all search problems that can be solved in polynomial time is denoted P.

«0» «F»r» « =

=



Why P and NP
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P: polynomial time

NP: nondeterministic polynomial time

«O» «F>»
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v
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Complementation
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alsoinC.

A class of problems C is closed under complementation if for any problem in C, its complement is
P: is closed under complementation.
NP ?

Example (Complementation of TSP)
less?

Given n cities with their intercity distances, is it the case that there does not exist any tour length & or

«40>» «F» «E» «
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Conjectures
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Theorem Proving

® [nput: A mathematical statement ¢ and n.

® Problem: Find a proof of ¢ of length < n if there is one.

A formal proof of a mathematical assertion is written out in excruciating detail, it can be checked
mechanically, by an efficient algorithm and is therefore in NP.

So if P = NP, there would be an efficient method to prove any theorem, thus eliminating the need for
mathematicians!

«0O>» «F»r «=» <
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Even if we believe P # NP, can we find an evidence that these particular problems have no efficient
algorithm?

Such evidence is provided by reductions, which translate one search problem into another.

We will show that the hard problems in previous lecture exactly the same problem, the hardest
search problems in NP.

If one of them has a polynomial time algorithm, then every problem in NP has a polynomial time
algorithm.

«O0>» «F» «=)» <
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A reduction from A to B is a polynomial time algorithm f that transforms any instance I of A into an
instance f(I) of B

Together with another polynomial time algorithm & that maps any solution .S of f(I) back into a
solution A(S) of 1.

If £(I) has no solution, then neither does I.

These two translation procedures f and h imply that any algorithm for B can be converted into an
algorithm for A.

L . Solution S of f([I) i Solution
n?ta‘ﬁl Instance (/) | Algorithm | (S of 1

for B No solution to f(I)

No solution to 1
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The Two Ways to Use Reductions
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Assume there is a reduction from a problem A to a problem B.
A—B

¢ |f we can solve B efficiently, then we can also solve A efficiently
* |f we know A is hard, then B must be hard too.

fA— Band B — C,then A — C.

«0O0>» «F» « =>»
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NP-Completeness
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Definition

A NP problem is NP-complete if all other NP problems reduce to it.

«O» «F)r «
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Reductions to NP-Complete
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NP-complete problems are hard: all other search problems reduce to them.

For a problem to be NP-complete, it can solve every NP problem in the world.
B.

If even one NP-complete problem is in P, then P = NP.

If a problem A is NP-complete, a new NP problem B is proved to be NP-complete, by reducing A to

«0>» «F» « =>»
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Co-NP-Completeness

) SHANGHAI JIAO TONG
) UNIVERSITY

Definition

A co-NP problem is co-NP-complete if all other co-NP problems reduce to it.

A problem is NP-complete if and only if its complement is co-NP-complete. '
If a problem and its complement are NP-complete then co-NP = NP. '
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TAUTOLOGY
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only if the negation of the CNF formula is a tautology.

A CNF formula f is unsatisfiable if and only if its negation is a TAUTOLOGY. The negation of a CNF
formula can be converted into a DNF formula. The resulting DNF formula is a TAUTOLOGY if and

The problem TAUTOLOGY: Given a formula f in DNF, is it a tautology?

® TAUTOLOGY is in P if and only if co-NP = P, and
® TAUTOLOGY is in NP if and only if co-NP = NP.

«0O>» «F»r « Z»
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The difficulty of FACTORING is of a different nature than that of the other hard search problems we
have just seen.

Nobody believes that FACTORING is NP-complete.
One evidence is that a number can always be factored into primes.

Another difference: FACTORING succumbs to the power of quantum computation, while SAT, TSP
and the other NPC problems do not seem to.
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Primarily and Composite
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PRIMARILY

Given an integer k > 2, is k a prime number?

Given an integer k£ > 4, are there two integers p, ¢ > 2 such that & = pq?
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co-NP-
complete

LINEAR
PROGRAMMING CLIQUE

L[] ]
TSP SAT,

P

]
MATCHING
]
SORTING
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NP-Intermediate
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Definition (NPI)

Problems that are in the complexity class NP but are neither in the class P nor NP-complete are
called NP-intermediate, and the class of such problems is called NPI.

Theorem (Lander Theorem)

If P # NP, then NPI is not empty; that is, NP contains problems that are neither in P nor
NP-complete.

«O» «F»



Quiz
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Prove that if NP # Co-NP, then P # NP.
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A reduction from A to B is a polynomial time algorithm f that transforms any instance I of A into an
instance f(I) of B

Together with another polynomial time algorithm & that maps any solution .S of f(I) back into a
solution A(S) of 1.

If £(I) has no solution, then neither does I.

These two translation procedures f and h imply that any algorithm for B can be converted into an
algorithm for A.

L . Solution S of f([I) i Solution
n?ta‘ﬁl Instance (/) | Algorithm | (S of 1

for B

No solution to f(I)

No solution to 1

«40>» «F» «E» <
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The Two Ways to Use Reductions

(\ “\ SHANGHAI JIAO TONG

<7 UNIVERSITY

Assume there is a reduction from a problem A to a problem B.
A—B

¢ |f we can solve B efficiently, then we can also solve A efficiently
* |f we know A is hard, then B must be hard too.

fA— Band B — C,then A — C.

«40>» «F» «E» <
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All of NP

|

SAT

|

3SAT
INDEPENDENT SET

3D MATCHING

VERTEX COVER CLIQUE

ZOE

T
SUBSET SUM

ILP

RUDRATA CYCLE

|

TSP

«0» «F»r» « =
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RUDRATA PATH — RUDRATA CYCLE
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Rudrata Cycle

RUDRATA CYCLE
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Given a graph, find a cycle that visits each vertex exactly once.

«0» «F»r» « =
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A RUDRATA (s, t)-PATH problem specifies two vertices s and ¢ and wants a path starting at s and
ending at ¢ that goes through each vertex exactly once.

Q: Is it possible that RUDRATA CYCLE is easier than RUDRATA (s, ¢)-PATH?

The reduction maps an instance G of RUDRATA (s, ¢)-PATH into an instance G’ of RUDRATA
CYCLE as follows: G’ is G with an additional vertex = and two new edges {s,z} and {z,t}.

«40>» «F» «E» «
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RUDRATA (s,t)-PATH — RUDRATA CYCLE
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G G’
s%
—_—
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RUDRATA (s,t)-PATH — RUDRATA CYCLE
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RUDRATA (s, t)-PATH
lution: cycl
Instance: Addnodes | g/ (7 ) |RUDRATA [—omuion yde
G = (V, E) —~| and edges ’
nodes s, {s.2}, {z.1}

CYCLE

Delete edges

Solution:
{s,a}, {a,t} [ path
No solution

No solution
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3 SAT
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The instances of 3SAT, is set of clauses, each with three or fewer literals.

(xVyVz)(zVy)(yVz)(zVI)(ZTVYVZ)

«0>» «F» « =>»
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Independent Set
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INDEPENDENT SET: Given a graph G and an
integer g, find g vertices, no two of which have an
edge between them.

«0O0>» «F» « =>»
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True Assignment
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To form a satisfying truth assignment we must pick one literal from each clause and give it the value
true.

The choices must be consistent, if we choose Z in one clause, we cannot choose x in another.

Solution: put an edge between any two vertices that correspond to opposite literals.
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Clause
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Represent a clause, say (z V7 V 2), by a triangle, with vertices labeled z, 7, z.
them for the independent set.

Because a triangle has its three vertices maximally connected, and thus forces to pick only one of

«0>» «F» « =>»
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3SAT — INDEPENDENT SET
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Given an instance I of 3SAT, create an instance (G, g) of INDEPENDENT SET as follows,
e A triangle for each clause, with vertices labeled by the clause’s literals.

* Additional edges between any two vertices that represent opposite literals
® The goal g is set to the number of clauses.

«0>» «F» « >

i
v

DA



3SAT — INDEPENDENT SET
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@ZVyVvz)(zVyVz)(zVyVz)(TVY)

«O0>» «F)>» « >
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SAT — 3SAT
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This is an interesting and common kind of reduction, from a problem to a special case of itself.
with more than three literals,

is replaced by a set of clauses,

Given an instance I of SAT, use exactly the same instance for 3SAT, except that any clause
((11 \/ag\/...\/ak)

(arVazVy) Ui VasVy2)(yzVasVys)...(Je—3 Var—1Vak)
where the y;’s are new variables.

The reduction is in polynomial and I’ is equivalent to I in terms of satisfiability.
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SAT — 3SAT

3
SHANGHALI JIAO TONG
{% %4 UNIVERSITY

s mmiiistmel arVayVy) ( VazVys) - (GpsVar_1Vag)

{ (a1Vaz V-V ay) } there is a setting of the y;’s for which
— < (
are all satisfied

Suppose that the clauses on the right are all satisfied. Then at least one of the literals a1,

e, Qp
must be t rue. Otherwise y1 would have to be t rue, which would in turn force y- to be t rue, and
SO on.

Conversely, if (a1 V a2 V ...V ax) is satisfied, then some a; must be true. Sety1,...,yi—2 t0 true
and the restto false.
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SAT - 3SAT
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3SAT remains hard even under the further restriction that no variable appears in more than three
clauses.

Suppose that in the 3SAT instance, variable x appears in k > 3 clauses. Then replace its first

appearance by z1, its second by x2, and so on, replacing each of its k appearances by a different
new variable.

Finally, add the clauses
(T Va2)(T2 V as3) ... (T V1)

In the new formula no variable appears more than three times (and in fact, no literal appears more
than twice).
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Vertex Cover

P

\ SHANGHAI JIAO TONG

UNIVERSITY

VERTEX COVER: Given a graph G and an integer
b, find b vertices cover (touch) every edge.

«0O0>» «F» « =>»
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INDEPENDENT SET — VERTEX COVER
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A set of nodes S is a vertex cover of graph

G = (V, E) iff the remaining nodes, V — S, are an
independent set of G.

«0>» «F» « =>»
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INDEPENDENT SET — CLIQUE
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Clique
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CLIQUE: Given a graph G and an integer g, find g
vertices such that all possible edges between
them are present.

«0O0>» «F» « =>»
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INDEPENDENT SET — CLIQUE
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The complement of a graph G = (V, E) is G = (V, E), where E contains precisely those unordered
pairs of vertices that are not in E. A set of nodes S is an independent set of G iff S is a clique of G.

Therefore, we can reduce INDEPENDENT SET to CLIQUE by mapping an instance (G, g) of
INDEPENDENT SET to the corresponding instance (G, g) of CLIQUE.
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Chet Alice

3D MATCHING: There are n boys, n girls, and n

pets. The compatibilities are specified by a set of

triples, each containing a boy, a girl, and a pet. Al
A triple (b, g, p) means that boy b, girl g, and pet p

get along well together.

To find n disjoint triples and thereby create n

harmonious households.

Beatrice

Carol

Armadillo Bobcat Canary
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3SAT — 3D MATCHING
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Consider a set of four triples, each represented by
a triangular node joining a boy, girl, and pet.

Any matching must contain either the two triples
(bo, 91, o), (b1, go, p2) Of (bo, go,p1), (b1, 91, ps)-
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3SAT — 3D MATCHING

Therefore, this “gadget” has two possible states: it
behaves like a Boolean variable.
Transform an instance of 3SAT to one of 3D

MATCHING, by creating a gadget for each variable
xX.

7
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3SAT — 3D MATCHING
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For each clause ¢ introduce a new boy b. and a new girl g..

O r = true,

E.g.,c=(x VYV 2), be, g Will be involved in three triples, one for each literal in the clause.
And the pets in these triples must reflect the three ways whereby the clause can be satisfied:

® y = false,

©® z = true.

«0>» «F» « =>»
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3SAT — 3D MATCHING
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For = = true, we have the triple (b., gc, p=1), Where p.1 is the pet p; in the gadget for x.

e |f x = true, then b, is matched with g, and b, with g.0, and so pets p.o and p,. are taken

e |f x = false, then p,1 and p,3 are taken, and so g. and b. cannot be accommodated.
or py2 and with either p.1 or p.s.

We do the same thing for the other two literals, which yield triples involving b. and g. with either p,o

«0>» «F» « =>»
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3SAT — 3D MATCHING
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We have to make sure that for every occurrence of a literal in a clause c there is a different pet to
match with b. and g..

This is easy: an earlier reduction guarantees that no literal appears more than twice, and so each
variable gadget has enough pets, two for negated occurrences and two for positive.
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3SAT — 3D MATCHING

R
/f{‘ SHANGHAI JIAO TONG
Kw ¢) UNIVERSITY

The last problem remains: in the matching defined so far, some pets may be left unmatched.

If there are n variables and m clauses, then 2n — m pets will be left unmatched.

Add 2n — m new boy-girl couples that are “generic animal-lovers”, and match them by triples with all
the pets!

«0O0>» «F» «=)» <
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Zero-One Equations
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Given an m x n matrix A with 0 — 1 entries, and find a 0 — 1 vector x = (z1,
equations Ax = 1; are satisfied.

, Zn) such that the m

«0O0>» «F» « =>»
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3D MATCHING — ZOE
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Assume in 3D MATCHING, there are m boys, m girls, m pets, and n boy-girl-pet triples.

We have 0 — 1 variables, z1, ..., z,, one per triple, where z; = 1 means that the i-th triple is chosen
for the matching, and z; = 0 means that it is not chosen.

For each boy, girl, or pet, suppose that the triples containing him (or her, or it) are those numbered
Ji,J2,- -, jr; the appropriate equation is then

Tjy +Tjy +...+xj, =1
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Chet

Alice
Beatrice

Carol

Armadillo Bobcat Canary
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Beatrice

Carol

Il
SCor~rocorooR
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oSO OHOORKR OO
OO OOOCRFO
SO = OO KOO

Armadillo Bobcat Canary
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Subset Sum
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SUBSET SUM: Find a subset of a given set of integers that adds up to exactly W.
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This is a reduction between two special cases of ILP:

® One with many equations but only 0 — 1 coefficients;

® The other with a single equation but arbitrary integer coefficients.

The reduction is based on a simple and time-honored idea: 0 — 1 vectors can encode numbers!

If the columns is regarded as binary integers, a subset of the integers corresponds to the columns of
A that add up to the binary integer 11...1.

This is an instance of SUBSET SUM. The reduction seems complete!
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ZOE — SUBSET Sum

Except for one detail: carry.

E.g., 5-bit binary integers can add up to 11111 = 31, for example, 5 + 6 4+ 20 = 31 or, in binary,
00101 4+ 00110 4 10100 = 11111

even when the sum of the corresponding vectors is not (1,1,1,1,1).

the number of columns.

Solution: The column vectors not as integers in base 2, but as integers in base n + 1, one more than

At most n integers are added, and all their digits are 0 and 1 There is no carry anymore.
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3SAT is a special case of SAT, or, SAT is a generalization of 3SAT.
By special case we mean that the instances of 3SAT are a subset of the instances of SAT.

There is a reduction from 3SAT to SAT, where the input has no transformation, and the solution to
the target instance also kept unchanged.

A useful and common way of establishing that a problem is NP-complete: it is a generalization of a
known NP-complete problem.

E.g., the SET COVER problem is NP-complete because it is a generalization of VERTEX COVER.
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In ILP we are looking for an integer vector x that satisfies Ax < b, for given matrix A and vector b.

To write an instance of ZOE in this precise form, we need to rewrite each equation of the ZOE
instance as two inequalities, and to add for each variable z; the inequalities z; < 1 and —z; < 0.
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ZOE — RUDRATA CYCLE
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In RUDRATA CYCLE, seek a cycle in a graph that visits every vertex exactly once.
In ZOE, given an m x n matrix A with 0 — 1 entries, and find a 0 — 1 vector x = (z1,...,2») Such
that the m equations Ax = 1; are satisfied.

«0>» «F» « =>»

i
v

DA



ZOE — RUDRATA CYCLE

(\ “\ SHANGHAI JIAO TONG

<7 UNIVERSITY

We will prove it NP-complete in two stages:

PAIRED EDGES.

© Firstly, reduce ZOE to a generalization of RUDRATA CYCLE, called RUDRATA CYCLE WITH

® Secondly, get rid of the extra features of that problem and reduce it to the plain RUDRATA CYCLE.
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Given agraph G = (V, E) and a set C C E x FE of pairs of edges. Find a cycle that,
@ visits all vertices once,

@ for every pair of edges (e, ¢’) in C, traverses either edge e or edge ¢’ exactly one of them.

Notice that two or more parallel edges between two nodes are allowed.
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C = {(e1,€3), (€5, €6), (€4, €5), (€3, €7), (€3, €8)}
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Given an instance of ZOE, Ax = 1, where A is an m x n matrix with 0 — 1 entries, the graph is as
follows

® A cycle that connects m + n collections of parallel edges.

e Each variable z; has two parallel edges, for x; = 1 and z; = 0).

e Each equation z;, + ...+ z;, = linvolving k variables has & parallel edges, one for every
variable appearing in the equation.

Any RUDRATA CYCLE traverses the m + n collections of parallel edges one by one, choosing one
edge from each collection.

The cycle “chooses” for each variable a value 0 or 1 and, for each equation, a variable appearing in it.
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Consider the graph, and suppose it is a part of a larger graph G in such a way that only the four
endpoints a, b, ¢, d touch the rest of the graph.

f
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Get Rid of Edge Pairs
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We claim that this graph has the following important property: in any RUDRATA CYCLE of G the
subgraph shown must be traversed in one of the two ways.
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Get Rid of Edge Pairs

WITH PAIRED EDGES
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This gadget behaves just like two edges {a, b} and {c, d} that are paired up in the RUDRATA CYCLE
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Go through the pairs in C one by one. To get rid of each pair ({a, b}, {c, d}) by replacing the two
edges with the gadget.

For any other pair in C that involves {a, b}, replace the edge {a, b} with the new edge {a, f}, where
f is from the gadget.

Similarly, {c, h} replaces {c, d}.

The RUDRATA CYCLES in the resulting graph will be in one-to-one correspondence with the RUDRATA
CYCLES in the original graph that conform to the constraints in C'.
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0 = {(61, 63), (65» 66)7 (64’ 65)7 (637 67)’ (63’ 68)}
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Given a graph G = (V, E), construct the instance of the TSP:

® The set of nodes is the same as V.

® The distance between cities v and v is 1 if {u, v} is an edge of G and 1 + « otherwise, for some
a > 1 to be determined.

® The budget of the TSP instance is |V|.

If G has a RUDRATA CYCLE, then the same cycle is also a tour within the budget of the TSP
instance.

If G has no RUDRATA CYCLE, then there is no solution: the cheapest possible TSP tour has cost at
least n + a.
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inequality: if 4, 7, k are cities, then

If « = 1, then all distances are either 1 or 2, and so this instance of the TSP satisfies the triangle
dij + dji > dig

approximated.

This is a special case of the TSP which is in a certain sense easier, since it can be efficiently
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another important property.

If « is large, then the resulting instance of the TSP may not satisfy the triangle inequality, and has

This important gap property implies that, unless P = NP, no approximation algorithm is possible.
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SAT is NP-complete.

The “first” NP-complete problem

Theorem (Cook 1971, Levin 1973)
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Coping with NP-Completeness |: Approximation Algorithm
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Coping with NP-completeness
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Q. Suppose | need to solve an NP-complete problem. What should | do?

A. Theory says you’re unlikely to find polynomial time algorithm

Must sacrifice one of three desired features.

® Solve problem to optimality.
® Solve problem in polynomial time.

¢ Solve arbitrary instances of the problem.

Think About: What features have been sacrificed in today’s topic?
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Optimization Problems
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In an optimization problem we are given an instance I and are asked to find the optimum solution

® The one with the maximum gain if we have a maximization problem like INDEPENDENT SET,or
® The minimum cost if we are dealing with a minimization problem such as the TsP.

For every instance I , OPT(I) denotes the value (benefit or cost) of the optimum solution.

We always assume OPT(I) is a positive integer (we may write as O PT when context is clear).
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We have seen the greedy algorithm for SET COVER:

For any instance I of size n, this greedy algorithm quickly finds a set cover of cardinality at most
OPT(I) - logn.

This log n factor is known as the approximation guarantee of the algorithm.

Suppose now that we have an algorithm A for a minimization problem which, given an instance I,
returns a solution with value A(T).

The approximation guarantee of A is defined to be

A(I)
oPT(I)

a4 = max
I
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To establish the approximation guarantee, the cost of the solution produced by the algorithm needs
to compare with an optimal solution.

For such problems, not only is it NP-hard to find an optimal solution, but it is also NP-hard to
compute the cost of an optimal solution.

In fact, computing the cost of an optimal solution is precisely the difficult core of such problems.

How do we establish the approximation guarantee? The answer provides a key step in the design of
approximation algorithms.
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VERTEX COVER

P

\ SHANGHAI JIAO TONG

UNIVERSITY

Input: An undirected graph G = (V, E).

Output: A subset of the vertices S C V' that touches every edge.
Goal: Minimize |S|.
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Given a graph G = (V, E), a subset of the edges M C F is said to be a matching if no two edges of
M share an endpoint.

A matching of maximum cardinality in G is called a maximum matching.

A matching that is maximal under inclusion is called a maximal matching.

O o—-oO O O o—-o0O O
o—-oO O O o—=o0O o—-oO
O O O O O o—-oO O
O O o—-o0O o—=o0O o—-oO
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Given a graph G = (V, E), a subset of the edges M C F is said to be a matching if no two edges of
M share an endpoint.

A matching of maximum cardinality in G is called a maximum matching.

A matching that is maximal under inclusion is called a maximal matching.

A maximal matching can clearly be computed in polynomial time by simply greedily picking edges

and removing endpoints of picked edges. More sophisticated means lead to polynomial time
algorithms for finding a maximum matching as well.
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Approximation for VERTEX COVER

Algorithm

Find a maximal matching in G and output the set of matched vertices.
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The Algorithm is a factor 2 approximation algorithm for
the vertex cover problem.

Proof.

* No edge can be left uncovered by the set of vertices
picked.

® Let M be the matching picked. As argued above,

|M| < OPT

® The approximation factor is at most 2 - OPT.
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The approximation algorithm for vertex cover was very much related to, and followed naturally from,
the lower bounding scheme. This is in fact typical in the design of approximation algorithms.
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Can the approximation guarantee of Algorithm be improved by a better analysis?
scheme of Algorithm?

Can an approximation algorithm with a better guarantee be designed using the lower bounding
for VERTEX COVER?

Is there some other lower bounding method that can lead to an improved approximation guarantee
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Consider the infinite family of instances given by the complete bipartite graphs K, .

gives a cover of size n.

When run on K, , Algorithm will pick all 2n vertices, whereas picking one side of the bipartition
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The lower bound, of size of a maximal matching, is half the size of an optimal vertex cover for the

following infinite family of instances. Consider the complete graph K,,, where n is odd. The size of
any maximal matching is (n — 1)/2, whereas the size of an optimal cover is n — 1.
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Still Open!

On the hardness of approximating
minimum vertex cover

By Irrt DiNUR and SAMUEL SaFra*
Abstract

We prove the Minimum Vertex Cover problem to he NP-hard to approx-
imate to within a factor of 1.3606, extending on previous PCP and hardness
of approximation technique. To that end, one needs to develop a new proof
framework, and to borrow and extend ideas from several fields.
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Euclidean Distance d(z,y) @) v

@ d(z,y) > 0forall z,y.

® d(z,y) =0ifand only if z = y.

© d(z,y) = d(y,z).

O (Triangle inequality) d(z,y) < d(z, z) + d(z,y).
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k-Cluster

Definition (k-Cluster)

Input: Points X = {z1,...,z,} with underlying distance metric
d(-,-), integer k.

Output: A partition of the points into & clusters C, ..., Cy.

Goal: Minimize the diameter of the clusters,

min max_ d(xa,Ts)
J Ta,xp€C;

V.
k-clustering is NP-hard. I

prn
@®
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Search can be infinite! \

Greedy algorithm. Put the first center at the best possible location for a single center, and then keep

adding centers so as to reduce the covering radius each time by as much as possible.

Greedy algorithm is arbitrarily bad!

k = 2 centers
| |
oy |
[ P (]
punE
"LL greedy center 1

@ center

W site
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Approximation Algorithm

Pick any point p; € X as the first cluster center
for i=2to k:
Let p; be the point in X that

(i.e., that maxim zes minj<;d(-,p;))
Create k clusters:

is farthest from pug,
C;=A{all

ey Mi—1
x € X whose cl osest center is pu;}

(b)




Proof for the Approximation Ratio 2

7\ SHANGHALI JIAO TONG
7" UNIVERSITY

Let x € X be the point farthest from p1, ..., ux, and r be its distance to its closest center.

Then every point in X must be within distance r of its cluster center. By the triangle inequality, this
means that every cluster has diameter at most 2r.

We have identified k£ + 1 points {u1, po, ..., ux, z} that are all at a distance at least » from each other.

Any partition into & clusters must put two of these points in the same cluster and must therefore have
diameter at least r.
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No better approximation algorithm for this problem so far.
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TSP on Metric Space
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Removing any edge from a traveling salesman tour
leaves a path through all the vertices, which is a
spanning tree.

Wichita

Albuquerque
©

Amarillo
©
Therefore, TSP cost > cost of this path > MST cost

Little
© Rock

©
El Paso

(© Houston
San Antonio
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TSP on Metric Space
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If we can use each edge twice, then by following the

Wichita

Albuquerque
shape of the MST we end up with a tour that visits all the
cities, some of them more than once.

8

—_—
11
9\

©
El Paso

Amarillo

1
San Antonio
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TSP on Metric Space

To fix the problem, the tour should simply skip any city it

is about to revisit, and instead move directly to the next
new city in its list.

By the triangle inequality, these bypasses can only make
the overall tour shorter.

Wichita
O]
Albuquerque
©
Amarillo
Dallas (¥
O
ElPaso ~~-

San Antonio

1) SHANGHAI JIAO TONG
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Consider the following algorithm:

© Find an MST, T of G

® Double every edge of the MST to obtain an Eulerian graph.
® Find an Eulerian tour, 7, on this graph.

O Output the tour that visits vertices of G in the order of their first appearance in 7. Let C be this
tour.

The above algorithm is a factor 2 approximation algorithm for metric TSP.
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cost(T') <OPT.
Since T contains each edge of T" twice, cost(7) = 2 - cost(T).

Because of triangle inequality, after the short-cutting (step 4) step, cost(C) < cost(T)

Combining these inequalities we get that

cost(C) < 2-OPT.
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General TSP

7\ SHANGHALI JIAO TONG
7" UNIVERSITY

What if we are interested in instances of TSP that do not satisfy the triangle inequality?

It turns out that this is a much harder problem to approximate.

Recall we gave a polynomial-time reduction which given any graph G and integer any C' > 0
produces an instance I(G, C) of the TSP such that:

@ If G has a Rudrata cycle then OPT(I(G, C')) = n, the number of vertices in G.
@ If G has no Rudrata cycle, then OPT(I(G,C)) > n+ C.

This means that even an approximate solution to TSP would enable us to solve RUDRATA CYCLE.
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Consider an approximation algorithm A for TSP and let a4 denote its approximation ratio.
specific constant

From any instance G of RUDRATA CYCLE, we will create an instance I(G, C') of TSP using the
C=n-aqu

G ven any graph G:

if the resulting tour has length <nay:
el se:

conpute I(G,C) (with C=n-a4) and run algorithm.A on it
conclude that G has a Rudrata path

conclude that G has no Rudrata path
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KNAPSACK
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Recall the KNAPSACK problem: There are n items, with weights w1, ..., w, and values v1, ..., v, (all

positive integers), and the goal is to pick the most valuable combination of items subject to the
constraint that their total weight is at most W'.

Earlier we saw a dynamic programming solution to this problem with running time O(nW). Using a
similar technique, a running time of O(nV) can also be achieved, where V' is the sum of the values.

Neither of these running times is polynomial, because W and V' can be very large, exponential in
the size of the input.
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Let’s consider the O(nV') algorithm.

In the bad case when V is large, what if we simply scale down all the values in some way?
For instance, if

vy = 117, 586, 003,

vy = 738,493,291, vs = 238,827,453
we could simply knock off some precision and instead use 117, 738, and 238.

This doesn’t change the problem all that much and will make the algorithm much, much faster!
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Along with the input, the user is assumed to have specified some approximation factor ¢ > 0.

Di scard any itemw th wei ght
Let vpax = max; v;
Rescal e val ues 7;

>W

= [vi - 22|

Run the dynam c progranmmng algorithmwi th val ues {v;}
Qut put the resulting choice of itens

Since the rescaled values o; are all at most n /¢, the dynamic program is efficient, running in time

O(n*/e)
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KNAPSACK

value K*.

Suppose the optimal solution to the original problem is to pick some subset of items S, with total

The rescaled value of this same assignment is

o= Yol

n « n
12> (i ~1)>K". -n
ics € Umax ics € Umax € Umax
Therefore, the optimal assignment for the shrunken problem, call it S, has a rescaled value of at
least this much.
In terms of the original values, assignment S has a value of at least
~  €'Umax * n € Umax
v; > v —— > (K —-n)-
Z L= Z ! n B ( € * Umax )
icS i€S

n

= K" — € Vmas > K" (1 —¢)
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The Approximability Hierarchy
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The Approximability Hierarchy
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All NP-complete optimization problems are classified as follows:

® Those for which, like the TSP, no finite approximation ratio is possible.

® Those for which an approximation ratio is possible, but there are limits to how small this can be:
VERTEX COVER, k-CLUSTER, and the TSP with triangle inequality.
® Down below we have a more fortunate class of NP-complete problems for which approximability

has no limits, and polynomial approximation algorithms with error ratios arbitrarily close to zero
exist: KNAPSACK.

e Finally, there is another class of problems, between the first two given here, for which the
approximation ratio is about logn: SET COVER.
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Coping with NP-completeness
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Q. Suppose | need to solve an NP-complete problem. What should | do?

A. Theory says you’re unlikely to find polynomial time algorithm

Must sacrifice one of three desired features.
® Solve problem to optimality.
¢ Solve problem in polynomial time.

® Solve arbitrary instances of the problem.

Think About: What features have been sacrificed in today’s topic?

«40>» «F» «E» <

>

APAN G4



Why SAT Solving

O s =

<

Q>




The First Example (&) SuANGHAL iAo TonG

<7 UNIVERSITY

Let S = {s1,...,sn} be a set of radio stations, each of which has to be allocated one of k&
transmission frequencies, for some k£ < n. Two stations that are too close to each other cannot have
the same frequency. The set of pairs having this constraint is denoted by F, satisfying

e Every station is assigned at least one frequency.
e Every station is assigned not more than one frequency.
® Close stations are not assigned the same frequency.

Give solution to work out that whether £ is enough for a given situation.

«40>» «F» «E» <
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The Solution
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Define a set of propositional variables

{zi5li e {1,....,n},j €{1,...,k}}

Intuitively, variable z;; is set to true if and only if station 7 is assigned the frequency j.

«40>» «F» «E» <
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The Solution
Every station is assigned at least one frequency:
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n

k

AV
i=1j=1

Every station is assigned not more than one frequency:

n k—1

=1

Tij = Nj<t<kTit)
Jj=1

€L,
k
/\ Tit —» 5t

t=1

Close stations are not assigned the same frequency. For each (i, j)

«0O0» «F»

i
v
a
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The Second Example
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Consider the two code fragments. The fragment on the right-hand side might have been generated
from the fragment on the left-hand side by an optimizing compiler. We would like to check if the two
programs are equivalent.

if(la & 'b) h():

if(a) f();
el se el se
if(la) g(); if(b) g();
else f(); el se h();

«40>» «F» «E» <
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The Solution
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(ifzthenyelsez) = (z Ay)V (mz A2)

(maA=b) ARV =(maA=b)A(maANgVaAf)

“aANfVaan(bAgV-bAh)

«O0>» «Fr «Z» «

>

APAN G4



Before Beginning
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Q: Can a proportional formula be transformed into an equivalent CNF formula effectively?
A: It can, however, while potentially increasing the size of the formula exponentially.

The propositional formula can be transformed into an equisatisfiable CNF formula with only a linear
increase in the size of the formula.

The price to be paid is n new Boolean variables, known as Tseitin’s encoding.

«40>» «F» «E» < 3

APAN G4



Tseitin’s Encoding

<O Fr <

Ul
v

Q>




The Exponential Way
CNF(o){

case

3
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® ¢is a literal: return ¢

® pis o1 Awa:return CNF(p1) ACNF(p2)

® ¢is p1 Vo return Dist(CNF (1), CNF(p2))
}

Dist(p1,¢2){

case

® 0 is 1/)11 A ’¢'12: return DiSt(’lﬁu, <p2) A Dist(’lﬁlg, QDQ)
® o is 1/)21 AN ¢22: return Dist(gol, ¢21) A Dist((ph 1,[}22)

«0>» «F» « >

i
v

DA



The Exponential Way
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Consider the formula ¢ = (z1 A y1) V (22 A y2)

CNF(¢) = (w1 Va2) A(z1Vy2) Alyr Vaz) Ay V)
Now consider: ¢, = (1 Ay1) V (z2 Ay2) V...V (Zn A yn)

Q: How many clauses C'N F'(¢,,) returns?
A: 2™

«0>» «F» « >

i
v

DA



Tseitin’s Encoding

Consider the formula (A — (B A C))
The parse tree:
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Associate a new auxiliary variable with each gate.

Add constraints that define these new variables.

Finally, enforce the root node.

«0O0>» «F» « =>»

i
v

DA



Tseitin’s Encoding
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(a1 > (A — az)) A (az > (B A C)) AN (al)

Ok
OERO:

Each such constraint has a CNF representation with 3 or 4 clauses
First: (a1 V A) A (a1 V —a2) A (ma1 V —AV az)

Second: (—az V B) A (maz V C) A (a2 V=BV =C)

«0>» «F» « =>»

i
v

DA



Tseitin’s Encoding
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on = (1 Ay1) V(z2 Ay2) V...V (Zn Ayn)
With Tseitin’s encoding we need:

® pn auxiliary variables a1, ..., an.
e Each adds 3 constraints.

® Topclause: (a1 V... Vay)

Hence, we have

® 3n + 1 clauses, instead of 2".

® 3n variables rather than 2n.

«0>» «F» « >

i
v

DA
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Two Usual Ways to Implement
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Exhaustive Search (DPLL Algorithm): traversing and backtracking on a binary tree.
heuristic.

Stochastic Search: guessing a full assignment, and flipping values of variables according to some

«0>» «F» « =>»

i
v

DA



A Brief History

/) UNIVERSITY

Originally, DPLL was incomplete method for SAT in FO logic

First paper (Davis and Putnam) in 1960: memory problems

Second paper (Davis, Logemann and Loveland) in 1962: Depth-first-search with backtracking
Late 90’s and early 00’s improvements make DPLL efficient:

Break-through systems: GRASP, SATO, zChaff, MiniSAT, Z3

DP:10 var BDD:100 var  Stalmarck:1k varSATO:1k var  MiniSAT:100k var
1960 1986 1996 1996 2003

DLL:10 var GRASP:1k var  Chaff:10k var

1962 1996 2001

«O0>» «F» «=)» <

i
v
it

DA
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A Brief History ST

1,000,000

100,000

10,000

1,000

Variables

100

1960 1970 1980 1990 2000 2010

Year

a
v
a
v
a
it
v
a
i
v
i

DA
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Backtracking
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It is often possible to reject a solution by looking at just a small portion of it.

«0O» «F»

it
v
a
i
v

DA



An Solution of SAT
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For example, if an instance of SAT contains the clause (z: V z2), then all assignments with
x1 = z2 = false can be instantly eliminated.

To put it differently, by quickly checking and discrediting this partial assignment, we are able to prune
a quarter of the entire search space.

A promising direction, but can it be systematically exploited?

«O0>» «F» «=)» <

i
v
it

DA



An Example
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(wVvaVyVz)(wVI)(zVY)(yVZE)(zVw)(wVz)

Initial formula ¢

Plugging w = 0 and w = 1 into ®, we find that no clause is immediately violated and thus neither of
these two partial assignments can be eliminated outright.

«0>» «F» « >

i
v

DA



An Example
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d=(wVaVyVz)(wVT)(zVY)(yVZ)(zVw)(wVZz)

Initial formula ¢

The partial assignment w = 0, = 1 violates the clause (w Vv Z) and can be terminated, thereby
pruning a good chunk of the search space.

«0>» «F» « >

i
v

DA
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An Example {

d=(wVaVyVz)(wVva)(zVy)(yVz)(zVw)(wVz)

Backtracking explores the space of assignments, only growing the tree only at nodes where there is
uncertainty.

Each node of the search tree can be described either by a partial assignment or by the clauses that
remain.

If w = 0 and x = 0 then any clause with w or z is instantly satisfied and any literal w or = is not
satisfied and can be removed.
What'’s left is

(yVv2)@)(yVz)

Thus the nodes of the search tree, representing partial assignments, are themselves SAT
subproblems.

«O0>» «F» «=)» <
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v
it

DA



An Example
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w =20

( (wVzVyVz),(wVI),(zVYy),(yVz),(zVw),(wVz) )

w=1

(@vyv2),@,@Vvy) V3 )

=0

(@vy). Va2, (), )
ap = 1l

z=0

(yV2), @), V2

z=1

(0.wv2 ) (=vm).0)

(=V7y): (¥),0

«0O0>» «Fr «Z» «=)»



Basic Functions
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Decide () : Choose the next variable and value. Return False if all variables are assigned.

BCP () : Apply repeatedly the unit clause rule. Return False if reached a conflict.

Resolve-conflict (): Backtrack until no conflict. Return False if impossible.

«0>» «F» « >

i
v

DA



Algorithm
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SAT ()

while irue do

if - Decide () then
| return true ;
end

else

while — =cp () do

| if “Resolve-conflict ()then return false;
end
end

end

DA



Basic Backtracking Search
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Organize the search in the form of a decision tree

e Each node corresponds to a decision.

® Definition: Decision Level (DL) is the depth of the node in the decision tree

* Notation: z = v@d, where z € {0, 1} is assigned to v at decision level d.

«0>» «F» « >

i
v

DA



Backtracking Search in Action
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(z2 V x3), (m21V, —4), (422 V 24)

r1 = 1Q1 = x4 = 0Q1 =

zo = 0Q@1 = X3 = 1Q1
o = 0Q@2 =

xr3 = 1Q2

[ {(@1,1), (22,0), (w3, 1), (24,0)} |
[ {(@1,0), (2,0), (23, 1)}

No backtrack in this example, regardless of the decision!

«0>» «F» « >

i
v

DA



Backtracking Search in Action
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(.Tz Vv 323), (—‘CIZ'1\/, —\a:4), (“ZEQ Vv .T4), (—‘331 V xo V —‘Jig)

r; = 1Q1 = 24 = 0Q1 =
o = 0Q1 = x3 = 1Q1

[ {(@1,0), (22,0), (w5, 1)}

«0O>» «Fr» «=)» <

i
v

DA
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A clause can be

Satisfied: at least one literal is satisfied

Unsatisfied: all literals are assigned but non are satisfied

Unit: all but one literals are assigned but none are satisfied

Unresolved: all other cases

Example: C' = (z1 V 22 V x3)

Ty | X2 | T3 C
1 0 Satisfied
0 0 0 | Unsatisfied
0 0 Unit
0 Unresolved

«0O0>» «F» «=)» <

i
v
it

DA
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DLIS (Dynamic Largest Individual Sum) |
Choose the assignment that increases the most the number of satisfied clauses.

For a given variable z:

== - - r’*‘ﬁii\ HANGHALI JIAO TONG
Decision Heuristics - DLIS @) o

Czp: § unresolved clauses in which = appears positively
® (C,n: f unresolved clauses in which x appears negatively
Let z be the literal for which C5, is maximal

Let y be the literal for which Cy,, is maximal

If Csp > Cyn choose = and assign it TRUE

Otherwise choose y and assign it FALSE

Requires [ (f literals) queries for each decision.

«O0>» «F» «=)» <
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Jeroslow-Wang
Compute for every clause w and every literal [ in each phase

Jn= Y 27

lew,wEyp

where |w| the length.

Choose the literal I that maximizes J(1).

This gives an exponentially higher weight to literals in shorter clauses.

«0O>» «Fr «Z» «
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DA



Next
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We will see other (more advanced) decision Heuristics soon.
will learn next.

These heuristics are integrated with a mechanism called Learning with Conflict-Clauses, which we

«O» «F»

it
v
a
i
v

DA



Learning New Clause
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Implication Graphs and Learning (
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Current truth assignment {z¢ = 0Q1, 219 = 0@3, 217 = 0@Q3, x12 = 1Q2, 213 = 1Q2}

Current decision assignment {z; = 1@Q6}
10 = 0@3

w1 = x1 VT2

w2 = —x1 VX3V X9

w3 = X2V x3V T4

wq = x4 Vx5V T10

ws = x4 V X V T11 r1 = 1Q6
we = 5 V g

wr =x1 VarV xi12

wg = x1 V I8

w9 = —x7 V xs V x13

«O0>» «F» «=)» <
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v
it

DA



Implication Graphs and Learning (
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Current truth assignment {z9 = 0Q1, 219 = 0@3, 217 = 0@Q3, z12 = 1@Q2, 213 = 1Q2}
Current decision assignment {z; = 1@Q6}

w1, = 1 V T2

w2 = —x1 VX3V X9

w3 = X2V x3V T4

wyq = x4 Vx5V T10

ws = x4 V Te V T11 1 = 1Q6
we = x5 V g

wr =x1 Vx7rV T2

wg = x1 V I8

w9 = —x7 V xs V x13

g = 0@1

We learn the conflict clause wio : (—z1 V o V 211 V 210)

«O0>» «F» «=)» <
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DA
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Current truth assignment {zy = 0Q1, 219 = 0Q3, 1, = 0@3, 212 = 1@2, 213 = 1@Q2}

Current flipped assignment {z1 = 0Q6}

w1, = 21 V T2

w2 = —x1 VT3V X9

w3z = "2 V x3 V Ta

wq = g Vx5V T10

ws = T4 VT V T11

Tr10 — 0@3
we = x5 V T

wr =21 Var VT2
wg = x1 VT8

wg = x7 V xg V 13

wio = x1 VX9 V211V Z10

Another conflict clause: wi; : (—\$13 V —x12 V11 VX1V :Eg)

Where should we backtrack to now?

«0O>» «Fr «=» <
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it

DA
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R

Which assignments caused the conflicts?

°* 19 = 0Q1
® 119 =0Q@3
® 11, =0@3
o 1, =1Q2
® i3 =1Q2

These assignments are sufficient for causing a conflict.

Backtrack to DL = 3

«0O>» «F»r» «=)» <
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v
it

DA
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So the rule is: backtrack to the largest decision level in the conflict clause
This works for both the initial conflict and the conflict after the flip.

Q: What if the flipped assignment works?

A: Change the decision retroactively.

«0O0>» «F» «=)» <
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DA
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1 =0
2 =0
32321
4 =0
325:0

«0O>» «Fr «=» «

i
v
it

DA
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1 =0
2 =0
32321
4 =0
J15=O

«0O>» «Fr «=» «

i
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it

DA
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1 =0

322:0

32321

4 =0

J15=O 32521
32720
JJg:l

«0O>» «Fr «=» «

i
v
it

DA
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321:0
2 =0
Jis:l
324:0
J15=O 32521
32720
Jigzl .1’920

«0O>» «Fr «=» «

i
v
it

DA
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1 =0
2 =0
32321 323:0
4 =0
J15=O 32521
32720
Jigzl .1’920

«0O>» «Fr «=» «

i
v
it

DA



Non-Chronological Backtracking
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«0O>» «Fr «=» «
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More Conflict Clauses
Definition

A Conflict Clause is any clause implied by the formula.

conflict node from the roots.

Let L be a set of literals labeling nodes that form a cut in the implication graph, separating the
Claim: \/,c,, —l is a Conflict Clause.

z19 2 0@3

10V 21 VX9 V 11
r1 = 1Q6

«0O0>» «F» « =>»

i
v

DA



More Conflict Clauses

Definition
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A Conflict Clause is any clause implied by the formula.

conflict node from the roots.

Let L be a set of literals labeling nodes that form a cut in the implication graph, separating the
Claim: \/,., —l is a Conflict Clause.

10V 7x1 VX9 V T11
X1 =1Q@6

xr10 V x4 V 11

«O>» «F»

it
v
a
i
v

DA



More Conflict Clauses
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A Conflict Clause is any clause implied by the formula.

Let L be a set of literals labeling nodes that form a cut in the implication graph, separating the
conflict node from the roots.

Claim: \/,c, —l is a Conflict Clause.

T10 = 0Q3

x10 VX1 Vo VT
T1o V x4 V T11

T10 V 22V 3V 11
r1 = 1Q6

«O» «F)r «

it

v

a
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v

DA



Conflict Clause
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How many clauses should we add?

If not all, then which ones?

® Shorter ones?

® Check their influence on the backtracking level?
® The most “influential”?

«0>» «F» « >

i
v

DA



Conflict Clause
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An Asserting Clause is a Conflict Clause with a single literal from the current decision level.
Backtracking (to the right level) makes it a Unit clause.

Asserting clauses are those that force an immediate change in the search path.
Modern solvers only consider Asserting Clauses.

«0>» «F» « =>»
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v

DA



Alternative Backtracking
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Conflict clause: (210 V =4 V —211)

With standard Non-Chronological Backtracking we
backtracked to DL = 6.

Conflict-driven Backtrack: backtrack to the second
highest decision level in the clause (without erasing it).

In this case, to DL = 3.
Q: why?

«0O0>» «F» «=)» <
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DA
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1 =0
2 =0
32321
4 =0
325:0

«0O>» «Fr «=» «

i
v
it

DA
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1 =0
2 =0
32321
4 =0
J15=O

«0O>» «Fr «=» «

i
v
it

DA
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1 =0
2 =0
Jis:l
J14=O
J15=O

«0O>» «Fr «=» «

i
v
it

DA



Conflict-Driven Backtracking

P

xr1 = 0
T2 = 0
ry5 = 1
X7 =
Z9 1

«0O>» «Fr «=» «

i
v

DA



Conflict-Driven Backtracking
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xr1 = 0
T2 = 0
ry5 = 1
X7 =
Z9 1

«0O>» «Fr «=» «

i
v

DA



Conflict-Driven Backtracking
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xr1 = 0
T2 = 0
X5 1
X7 =
Z9 1

«0O>» «Fr «=» «

i
v

DA



Conflict-Driven Backtracking
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32521

«0O>» «Fr «=» «

i
v

DA
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Conflict-Driven Backtracking

Refutation of z =1
!

Decision Level

® Decision
© Conflict

«O» «F)r «
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DA
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So the rule is: backtrack to the second highest decision level dl, but do not erase it.

This way the literal with the currently highest decision level will be implied in DL = di.

Q: what if the conflict clause has a single literal?

For example, from (z VV —y) A (z V y) and decision = = 0, we learn the conflict clause (x)

«0O0>» «F» «=)» <

i
v
it

DA
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Resolution
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The binary resolution is a sound inference rule:

(a1 V...VanVpP)

(b1 V...Vby V=P)
(a1V...Van, Vb1 V...Vbp)
Example

Binary Resolution

x1 V X2

—x1Vx3Vxy
x2 V x3V xg

«O» «F»

it
v
a
i
v

DA



Example

x4 V2V 5135)

(
(—\1'4 V x10 V 936)
(
(

x5 V xg V —\337)

C2
c3
Ca —x6 V 27)

Conflict Clause : ¢5 = (—z4 V 22 V x10)

«O» «F»

a

®
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DA
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g V 1‘7)

(—|I4 V o V JJ5)
(—|I4 V x10 V 1'6)
(‘!Is V —ze V —\1'7)
(

Assume that the implication order in the BCP was x4, x5, 26, z7

name cl lit  wvar ante
ca (mx6 V 27) x7 7 C3
(ﬁms Vv ﬁ1’6) —Tg Ze Co
(ﬁ$4 V x10 V ﬁx5) 5 x5 c1
cs (ﬁ1’4 V x2 V a‘:lo)

«O>» «F»

a

®
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DA



The Algorithm
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ANALYZE-CONFLICT ()
if current_desicion_level = 0 then return False;

while = STOP-CRITERTION-MET (cl) do

lit := LAST-ASSIGNED-LITERAL (cl);
var ;= VARIABLE-OF-LITERAL (lit);
ante := Antecedent(lit);
cl := RESOLVE (cl, ante, var);
end

ADD-CLAUSE-TO-DATABASE (cl);

name cl lit  wvar ante
ca (mx6 V x7) x7 7 Cs
(ﬁws Vv ﬁ1’6) T T6 Cc2
(ﬁ$4 V x10 V ﬁx5) 5 x5 c1
cs (ﬁl’4 V x2 V a‘:lo)

v
it

DA



Resolution Graph
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The resolution graph keeps track of the inference relation.

r1 = 1Q6

10 = 0@3

11 = 0@3

wy

47 = 1Q6

x10 = 1@2

DA



Resolution Graph

What is it good for?

Example: for computing an unsatisfiable core

Involved
Clauses
Q... 1

/ (_) Original Clauses
. Learned Clauses

from SAT’03

«O» «F)r «

it
v

DA
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VSIDS (Variable State Independent Decaying Sum)
Each literal has a counter initialized to 0.

When a clause is added, the counters are updated.

The unassigned variable with the highest counter is chosen.

Periodically, all the counters are divided by a constant.

firstly implemented in Chaff

«0O>» «F»r» «=)» <
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it

DA



Decision Heuristics - VSIDS
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Chaff holds a list of unassigned variables sorted by the counter value
Updates are needed only when adding conflict clauses.

Thus, decision is made in constant time.
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Decision Heuristics - VSIDS

)
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VSIDS is a quasi-static strategy:

e static because it does not depend on current assignment
priority.

® dynamic because it gradually changes. Variables that appear in recent conflicts have higher

This strategy is a conflict-driven decision strategy, which dramatically improves performance.
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Decision Heuristics - Berkmin @) vy

Keep conflict clauses in a stack

Choose the first unresolved clause in the stack (If there is no such clause, use VSIDS)

Choose from this clause a variable + value according to some scoring (e.g. VSIDS)

This gives absolute priority to conflicts.
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SAT Solver
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SAT solver is to be said as the "most successful formal tools”.
There are a SAT Competitions every one or two years.

® http://www.satcompetition.org/

Zchaff(The champion of 2004) can handle 100,000 variables with millions of clauses (Experiments:
800 variables with 9,000 clauses in 0.0sec).
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Zchaff

Using zChaff
* Input file format (CNF in the sug

0

S [=] B
Buffers  Files

c *comment lines*

D ___— Number of variables
Tools Edit Search Mule Help |

ggested form)

Number of clauses
Clause means:

x5 VxVxg

=y Vo

=k, VEy

—x; Voxg Voxg

Results!
x;=0
X, =0
xg =1

where 0 is terminator.
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More on SAT Society
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SMT solver, string solver.

«0>» «F» « >

i
v

DA



Coping with NP-completeness
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Q. Suppose | need to solve an NP-complete problem. What should | do?

A. Theory says you’re unlikely to find polynomial time algorithm

Must sacrifice one of three desired features.

® Solve problem to optimality.
® Solve problem in polynomial time.

¢ Solve arbitrary instances of the problem.

Think About: What features have been sacrificed in today’s topic?
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Gradient Descent: Vertex Cover @) ot
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VERTEX COVER. Given a graph G = (V, E), find a subset of nodes .S of minimal cardinality such that
for each (u,v) € E, either w or v are in S.

Neighbor relation. S ~ S’ if S’ can be obtained from S by adding or deleting a single node.

Note. Each vertex cover S has at most n neighbors.

Gradient descent. Start with S = V. If there is a neighbor S’ that is a vertex cover and has lower
cardinality, replace S with S’.

Algorithm terminates after at most n steps since each update decreases the size of the cover by one.
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Local search. Algorithm that explores the space of possible solutions in sequential fashion, moving
from a current solution to a “nearby” one.

Neighbor relation. Let S ~ S’ be a neighbor relation for the problem.

Gradient descent. Let S denote current solution. If there is a neighbor S’ of S with strictly lower cost,
replace S with the neighbor whose cost is as small as possible. Otherwise, terminate the algorithm.

A funnel a jagged funnel
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Local Search
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let s be any initial solution

while there is sone solution s’ in the nei ghborhood of s
for which cost (s') <cost(s):

return s

replace s by s
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Further Example: TSP

SHANGHAI JIAO TONG
UNIVERSITY

Assume we have all interpoint distances between n cities, giving a search space of (n — 1)! different
tours. What is a good notion of neighborhood?

Two tours are close if they differ in just a few edges. They can’t differ in just one edge, so we will
consider differences of two edges.

We define the 2-change neighborhood of tour s as being the set of tours that can be obtained by
removing two edges of s and then putting in two other edges.

A ]
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Evaluation of 2-Change Neighborhood @) vt
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Q: What is its overall running time, and does it always return the best solution?

Neither of these questions has a satisfactory answer:

Each iteration is certainly fast, because a tour has only O(n?) neighbors. There might be an
exponential number of them.

We can easily say about the final tour is that it is locally optimal. There might be better solutions
further away.
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3-Change Neighborhood

7\ SHANGHALI JIAO TONG
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We may try a more generous neighborhood, for instance 3-change, consisting of tours that differ on

up to three edges.

The size of a neighborhood becomes O(n?), making each iteration more expensive. Moreover, there
may still be suboptimal local minima, although fewer than before.

To avoid these, we would have to go up to 4-change, or higher.

Efficiency demands neighborhoods that can be searched quickly, but smaller neighborhoods can
increase the abundance of low-quality local optima.

The appropriate compromise is typically determined by experimentation.
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Metropolis Algorithm
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Metropolis Algorithm

3
SHANGHALI JIAO TONG
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Metropolis algorithm.

¢ Simulate behavior of a physical system according to principles of statistical mechanics.
local minima.

® Globally biased toward “downhill” steps, but occasionally makes “uphill” steps to break out of
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Gibbs-Boltzmann Function

2\
»\ SHANGHAI JIAO TONG
£/) UNIVERSITY

Gibbs-Boltzmann Function
The probability of finding a physical system in a state with energy FE is proportional to e
where T' > 0 is temperature and % is a constant.

—E/(kT)

® For any temperature 7' > 0, function is monotone decreasing function of energy E
* System more likely to be in a lower energy state than higher one.

@ T large: high and low energy states have roughly same probability
© T small: low energy states are much more probable
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Metropolis Algorithm @) por

Metropolis algorithm.

® Given a fixed temperature T, maintain current state S.

Randomly perturb current state S to new state S’ € N(S).
If £(S") < E(S), update current state to S’.

Otherwise, update current state to S’ with probability ¢ =2/
AE = E(S') — E(S) > 0.

KT) where

Let fs(t) be fraction of first t steps in which simulation is in state S. Then, assuming some technical
conditions, with probability 1:

1 _ _
tlim fs(t) = ¢ B/ D) where 7 = Z e ES)/(+T)
oo SEN(S)

Intuition. Simulation spends roughly the right amount of time in each state, according to
Gibbs-Boltzmann equation.
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Metropolis Algorithm in Minimum Problems @) ST

s

Start with an initial solution Sj, and constants k and T
In one step:

Let S be the current solution

Let S’ be chosen uniformly at random from the neighbors of S
If ¢(S) <c(S) then
Update S« S
Else
With probability e~ (€(S)—c(S)/KT)
Update S« S
Otherwise

Leave S unchanged
EndIf
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Weakness of Metropolis Algorithm

Consider a graph G with no edges, gradient descent solves this instance with no trouble, deleting
nodes in sequence until none are left.

While the Metropolis algorithm will start out this way, it begins to go astray as it nears the global
optimum.

Consider the situation in which the current solution contains only ¢ nodes, where ¢ is much smaller
than the total number of nodes, n.

With very high probability, the neighboring solution generated by the Metropolis Algorithm will have
size ¢ + 1, rather than ¢ — 1, Thus it gets harder and harder to shrink the size of the vertex cover as
the algorithm proceeds.

It is exhibiting a sort of flinching reaction near the bottom of the funnel.
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Simulated Annealing

Simulated annealing.

T large = probability of accepting an uphill move is large.
T small = uphill moves are almost never accepted.

Idea: turn knob to control T'.

Cooling schedule: T' = T'(z) at iteration s.

Physical analog.

2
&\

® Take solid and raise it to high temperature, we do not expect it to maintain a nice crystal

structure.

SHANGHAI JIAO TONG
= UNIVERSITY

* Take a molten solid and freeze it very abruptly, we do not expect to get a perfect crystal either.
® Annealing: cool material gradually from high temperature, allowing it to reach equilibrium at

succession of intermediate lower temperatures.

«0O)>» «F>»
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Simulated Annealing

Simulated annealing works by running the Metropolis algorithm while gradually decreasing the value
of T" over the course of the execution.

The exact way in which T is updated is called a cooling schedule,which is a function 7 from
{1,2,3,...} to the positive real numbers; in iteration i, we use the temperature 7' = 7(i).

Physical systems reach a minimum energy state via annealing, the
simulated annealing has no guarantee to find an optimal solution.

If the two funnels take equal area, then at high temperatures the
system is essentially equally likely to be in either funnel.

Once cooling the temperature, it will become harder and harder to

switch between the two funnels.
A
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Hopfield Neural Networks
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Hopfield Neural Networks @) o

Hopfield networks. Simple model of an associative memory, in which a large collection of units are
connected by an underlying network, and neighboring units try to correlate their states.

Input: Graph G = (V, E) with integer (positive or negative) edge weights w.

Configuration. Node assignment s,, = +1.

Intuition. If w., < 0, then w and v want to have the same state; if w.., > 0 then u and v want different
states.

Note. In general, no configuration respects all constraints.
({— 7 —})
5 6
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Hopfield Neural Networks

Definition (Good edge)

With respect to a configuration S, edge e = (u, v) is good if we X sy X s, < 0. That is, if we < 0 then
Su = Su; if we > 0, then s, # s,.

Definition (Satisfied node)

of incident bad edges.

>

WeSuSy < 0
vie=(u,v)EE

With respect to a configuration S, a node w is satisfied if the weight of incident good edges > weight

«0O0>» «F» « =>»
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Hopfield Neural Networks

Definition (Stable configuration)

A configuration is stable if all nodes are satisfied.
M
T, . .
10 X—sa(isfiednode: 5-4-1-1<0
/-5 -1
ol

bad edge

Goal. Find a stable configuration, if such a configuration exists.
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State-Flipping Algorithm

P
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State-flipping algorithm. Repeated flip state of an unsatisfied node

HOPFIELD-FLIP (G, w)
S <« arbitrary configuration;

while current configuration is not stable do
u < unsatisfied node;

Su < —Su,
end

return S;
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State-Flipping Algorithm Example

SHANGHAI JIAO TONG
Eﬁ% 47 UNIVERSITY
unsatisfied node

10-8 >0

unsatisfied node
« 8-4-1-1>20

stable

DA



State-Flipping Algorithm: Proof of Correctness

)
SHANGHAI JIAO TONG
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iterations.

The state-flipping algorithm terminates with a stable configuration after at most W = Z |we|

e

Proof [Hint.] Consider measure of progress ®(S) = # satisfied nodes.
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State-Flipping Algorithm: Proof of Correctness

=

K‘(\ SHANGHAI ]lAO TONG
iterations.

y UNIVERSITY

The state-flipping algorithm terminates with a stable configuration after at most W = Z |we|

Proof. Consider measure of progress ®(S) = >__ .4 [Wel-
e Clearly 0 < ®(S) < W.

* We show ®(S) increase by at least 1 after each flip.
When « flips state:

@ all good edges incident to u become bad

@ all bad edges incident to u become good
@ all other edges remain the same

DRSS
e:e=(u,v) € E
e is bad

|we| > ®(S) +1
ere=(u,v) €E

e is good
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DA



<O Fr <

Maximum Cut

=

Q>




Maximum Cut

"“ﬁii\ HANGHALI JIAO TONG
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Maximum cut. Given an undirected graph G = (V, E) with positive integer edge weights we, find a
cut(A, B) such that the total weight of edges crossing the cut is maximized.

’LU(A7 B) = Z Woyv
Toy application.

ueEA,vEB
® n activities, m people.

e Each person wants to participate in two of the activities.
enjoy both activities.

® Schedule each activity in the morning or afternoon to maximize number of people that can

Real applications. Circuit layout, statistical physics.

«0>» «F» « =>»



Maximum Cut

improves the solution.

)

UNIVERSITY

( ¢\ SHANGHALI JIAO TONG
S| JIAO T
Single-flip neighborhood. Given a cut (A, B), move one node from A to B, or one from B to A if it
Greedy algorithm.

MAX-CUT-LOCAL (G, w)
while there exists an improving node v do
if v ¢ A then

| A« Au{v}; B« B—{v};
end
else

| B+ BU{v}; A+ A—{v};
end
end

return (A,B)
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Maximum Cut: Big Improvement Flips

(%
&

®

SHANGHAI JIAO TONG
/’ UNIVERSITY
LLocal search. Within a factor of 2 for MAX-CUT, but not polynomial time!

at least %w(A, B)

Big-improvement-flip algorithm. Only choose a node which, when flipped, increases the cut value by

Upon termination, big-improvement-flip algorithm returns a cut (A, B) such that
(2+ )w(A, B) > w (A", BY)

Proof idea. Add %w(A, B) to each inequality in original proof.

«0>» «F» « =>»
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Maximum Cut: Big Improvement Flips
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Proof sketch.

Big-improvement-flip algorithm terminates after O (5_1n log W) flips, where W = Z We

Each flip improves cut value by at least a factor of (1 + ¢/n)
After n/e iterations the cut value improves by a factor of 2.
°* (1+1/x)* >2forz > 1.

Cut value can be doubled at most log, W times.
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Maximum Cut: Context

K‘\ SHANGHAI JIAO TONG

UNIVERSITY

Theorem (Sahni-Gonzales 1976)
There exists a 1/2-approximation algorithm for MAX-CUT.
There exists an 0.878-approximation algorithm for MAX-CUT.

_

Unless P = NP, no 0.942-approximation algorithm for MAX-CUT.
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Neighbor Relations for Max Cut @) o

1-flip neighborhood. Cuts (A, B) and (A’, B') differ in exactly one node.
k-flip neighborhood. Cuts (4, B) and (A’, B’) differ in at most k£ nodes.

KL-neighborhood.[Kernighan-Lin 1970]
¢ To form neighborhood of (A4, B):

@ lteration 1: flip node from (A, B) that results in best cut value (A1, B1), and mark that node

@ lteration :: flip node from (A;_1, B;—1) that results in best cut value (A;, B;) among all nodes not yet
marked.

® Neighborhood of (4, B) = (41, B1), ..., (An—1, Bn_1).

® Neighborhood includes some very long sequences of flips, but without the computational
overhead of a k-flip neighborhood.

e Practice: powerful and useful framework.
® Theory: explain and understand its success in practice.
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Multicast Routing

7\ SHANGHALI JIAO TONG
7" UNIVERSITY

Best response dynamics. Each agent is continually prepared to improve its solution in response to
changes made by other agents.

Nash equilibrium. Solution where no agent has an incentive to switch.
Fundamental question. When do Nash equilibria exist?

Two agents start with outer paths.

Agent 1 has no incentive to switch paths, since
4 < 5+ 1. But agent 2 does since 8 > 5 + 1. ¢ /é{k .
Once this happen, agent 1 prefers middle path : ]
(since 4 >5/2+1)

Both agents using middle path is a Nash
equilibrium.
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Nash Equilibrium and Local Search

)
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changes made by other agents.

Local search algorithm. Each agent is continually prepared to improve its solution in response to
Analogies.

® Nash equilibrium : local search.

® Best response dynamics : local search algorithm.

¢ Unilateral move by single agent : local neighborhood.

optimized.

Conirast. Best-response dynamics need not terminate since no single objective function is being

«0>» «F» « >
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Socially Optimum

Social optimum. Minimizes total cost to all agent.

3
SHANGHALI JIAO TONG
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Observation. In general, there can be many Nash equilibria.

Even when its unique, it does not necessarily equal the social optimum.
k agents

1 1
social optimum =1 +e
Nash equilibrium A=1 +¢

Nash equilibrium B =k

social optimum =7

unique Nash equilibrium =8
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Price of Stability

Price of stability. Ratio of best Nash equilibrium to social optimum

@®
Fundamental question. What is price of stability?

Example. Price of stability = ©(log k).

SHANGHAI JIAO TONG
UNIVERSITY

Social optimum. Everyone takes bottom paths

Unique Nash equilibrium. Everyone takes top paths

Price of stability. H(k)/(1 + ¢€)
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Finding a Nash Equilibrium

_

The following algorithm terminates with a Nash equilibrium.

BEST-RESPONSE-DYNAMICS (G, ¢, k)
for j =1 iok do

| P; « any path for agent j;
end

while not a Nash equilibrium do

j < some agent who can improve by switching paths;
P; + better path for agent ¢;
end

return Pl, PQ, P

1) SHANGHAI JIAO TONG
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Finding a Nash Equilibrium

P
@
Proof. Consider a set of P, .

i\ SHANGHAI JIAO TONG
7&" UNIVERSITY
. Pr
® |et 2. denote the number of paths that use edge e.
® Let®(P1, P2, ... Py) = > o p e - H(z.) be a potential function, where
H(0) =

0
k

| =

H(k) ="

~

=1
each step.

® Since there are only finitely many sets of paths, it suffices to show that ® strictly decreases in
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Finding a Nash Equilibrium

Proof.

3
SHANGHALI JIAO TONG
{% 49 UNIVERSITY

* Consider agent j switching from path P; to path P;.
® Agent j switches because

> i

Ce
<
feprP!—Pp; zp 41 Z
J J

x
eep;—pP; "~ °
® d increase by

ewly incurred cost
feP! —P;
€ J

cs [H (zp +1) — H (wy)] =
>

cost saved

® P decrease by

Z z;il "
fEP!—P;

ce[H (ze) — H (e — 1)] =
® Thus, net change in @ is negative.

Z [

eer—PJf

z
eer—PJf
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Bounding the Price of Stability

Let C(Pi,..., Py) denote the total cost of selecting paths Pi, ..., P;. For any set of paths
Pl, ey Py, we have

C(P17"'7Pk)§¢)(P17 7Pk)SH(k)C(P17

. Pr)
Proof.

-

SHANGHAI JIAO TONG
UNIVERSITY

Let z. denote the number of paths containing edge e.
e Let £+ denote set of edges that belong to at least one of the paths. Then,
C(P,...

ecET

,Pr) = Z ce < Z ceH (z) < Z ceH(k) = H(k)C (Py,

ecET
,,,,, Py)
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Bounding the Price of Stability

prn
@®

1) SHANGHAI JIAO TONG
UNIVERSITY

by at most a factor of H (k).

There is a Nash equilibrium for which the total cost to all agents exceeds that of the social optimum
Proof.
e Let (Pr,

., P;) denote a set of socially optimal paths.
® Run best-response dynamics algorithm starting from P*.

¢ Since ® is monotone decreasing ®(Py, ..., P,) < ®(Py,..., Py),
C(Pi,...,Py) <®(Pr,...,Py) <P (P,

L Py < H(k)-C (P,

B
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Existence. Nash equilibria always exist for k-agent multicast routing with fair sharing.

Price of stability. Best Nash equilibrium is never more than a factor of H (k) worse than the social
optimum.

Fundamental open problem. Find any Nash equilibria in polynomial time.
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Algorithm Design XXI

Quantum Algorithms

Guogiang Li ) SHANGHAI JIAO TONG

School of Software
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Qubits, Superpositions, and Measurement
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A Quote from Richard Feynman

P
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I think I can safely say that no one understands quantum physics.
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Chips

R
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In ordinary computer chips, bits are physically represented by low and high voltages on wires.
The single electron in this atom can

But there are many other ways a bit could be stored, for instance, in the state of a hydrogen atom

e either be in the ground state (the lowest energy configuration),

e or it can be in an excited state(a high energy configuration).

We can use these two states to encode for bit values 0 and 1, respectively.

«40>» «F» «E» «

>

APAN G4



Notation
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Ground state: |0)

Excited state: |1)
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Superpositions
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If a quantum system can be in one of two states, then it can also be in any linear superposition of

those two states.

For instance, ) . 1 1
—10) + — 1) or —=|0) — — |1
7 |0) 7 1) 7 |0) 7 1)

or an infinite number of other combination of the form

ao [0) + ax [1)

The «’s can be even complex numbers, provided

o) + | [* = 1
i.e., they are normalized.
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The whole concept of a superposition suggests that the electron does not make up its mind about

whether it is in the ground or excited state, and the amplitude oo is @ measure of its inclination
toward the ground state.

Continuing along this line of thought, it is tempting to think of oy as the probability that the electron is
in the ground state.

But then how are we to make sense of the fact that oy can be negative, or even worse, imaginary?

WE DON’T UNDERSTAND THIS, BUT GET USED TO IT.
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Measurement

7\ SHANGHALI JIAO TONG
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This linear superposition is the private world of the electron.

For us to get a glimpse of the electron’s state we must make a measurement to get a single bit of
information - 0 or 1.

If the state of the electron is ag |0) + a1 |1), then the outcome of the measurement is 0 with
probability |ao|? and 1 with probability a1 |*.

Moreover, the act of measurement causes the system to change its state:

if the outcome of the measurement is 0, then the new state of the system is |0) (the ground state),
and if the outcome is 1, the new state is |1) (the excited state).
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The superposition principle holds not just for 2-level systems, but in general for k-level systems.

In reality the electron in the hydrogen atom can be in one of many energy levels, starting with the
ground state, the first excited state, the second excited state, and so on.

A k-level systems consists of the ground state and the first k — 1 excited states denoted by

|0>7|1>7‘2>7""|k_1>
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The general quantum state of the system is
(o) |0> + aq |1> + ax—1 |k — 1>

k—1
where > " [a;|* =1
j=0

Measuring the state of the system would now reveal a number between 0 and k — 1, and outcome j
would occur with probability |a;|?.

The measurement would disturb the system, and the new state would actually become |j) or the jth
excited state.
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We could choose k = 2™ levels of the hydrogen atoms.Or it is more promising to use n qubits.
Considering two qubits, that is, the state of the electrons of two hydrogen atoms.
Since each electron can be in either the ground or excited state, in classical physics the two

electrons have a total of four possible states 00, 01, 10, or 11, and are therefore suitable for storing 2
bits of information.

But in quantum physics, the superposition principle tells us that the quantum state of the two
electrons is a linear combination of the four classical states,

|Oé> = Qo |00> + o1 ‘01) —+ a0 |10> + a1 |11>
where > fo.® =1,

z€{0,1}2
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Measuring 2 qubits @) vy

Measuring the state of the system now reveals 2 bits of information, and the probability of outcome
x € {0,1}?is |a|?.

If the outcome of measurement is jk, then the new state of the system is |jk).

What if we make a partial measurement?

If we measure just the first qubit, what is the probability that the outcome is 0?

Prob{1stbit = 0} = Prob{00} + Prob{01} = |aoo|® + |a01|?
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How much does this partial measurement disturb the state of the system?

If the outcome of measuring the first qubit is 0, then the new superposition is obtained by crossing
out all terms of |«) that are inconsistent with this outcome (that is, whose first bit is 1).

The new state would be

[e7e1s) a1
|Cnew) = —————ex |

0) + —————1[01)
Vewo|? + Jevor | Vewo|? + Jevor |2
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n hydrogen atoms

Classically the states of the n electrons could be used to store n bits of information in the obvious
way.

But the quantum state of the n qubits is a linear superposition of all 2" possible classical states:

Z ag |T)

z€{0,1}™

For n = 500, the number 2™ s much larger than estimates of the number of elementary particles in
the universe.

* Where does Nature store this information?

® How could microscopic quantum systems of a few hundred atoms contain more information
than we can possibly store in the entire classical universe?

WE DON’T UNDERSTAND THIS, BUT GET USED TO IT.
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In this phenomenon lies the basic motivation for quantum computation. Why not tap into this
massive amount of effort being expended at the quantum level?

There is a fundamental problem: this exponentially large linear superposition is the private world of
the electrons.

Measuring the system only reveals n bits of information. The probability that the outcome is a
particular n-bit string = is |a..|*>. And the new state after measurement is just |x).
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The structure of a quantum algorithm

7\ SHANGHALI JIAO TONG
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The structure of quantum algorithm reflects the tension between

® The exponential private workspace of an n-qubit system

® and the mere n bits that can be obtained through measurement.

The input to a quantum algorithm consists of n classical bits, and the output also consists of n
classical bits.

It is while the quantum system is not being watched that the quantum effects take over and we have
the benefit of Nature working exponentially hard on our behalf.
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The structure of a quantum algorithm

7\ SHANGHALI JIAO TONG
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has been transformed to some superposition

If the input is an n-bit string z, then the quantum computer takes as input n qubits in state |z).
Then a series of quantum operations are performed, by the end of which the state of the n qubits

Zay ly)

Finally, a measurement is made, and the output is the n-bit string y with probability |a, |2.

Observe that this output is random. As long as y corresponds to the right answer with high enough
probability, we can repeat the whole process a few times to make the chance of failure miniscule.
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Quantum factoring algorithm
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The algorithm to factor a large integer N can be viewed as a sequence of reductions:
® Factoring is reduced to finding a nontrivial square root of 1 modulo N.
® Finding such a root is reduced to computing the order of a random integer modulo N.

® The order of an integer is precisely the period of a particular periodic superposition.
¢ Finally, periods of superpositions can be found by the quantum FFT.
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The Quantum Fourier Transform
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Interpolation resolved

M-dimensional complex-valued vector 3:

FFT takes as input an M-dimensional, complex-valued vector o (where M = 2™), and outputs an

1 1 1 1
Bo 1 w w? wnt o
B1 1 a1
ST W WY (1)
Br—1 : am-—1
11 wnfl w2(n71) J;,(nfl)(nfl)_

The new factor /M is to ensure that if the |o;|* add up to 1, then so do the |8;]

«O0>» «F» 4«

i
v

DA



The quantum fast Fourier transform
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M—1
Input: A superposition of m = log M qubits, |a) = Z aj|r)
Method: Using O(m?

j=1
M1
superposition |3) =

Bi |r)

O(log?® M) quantum operation perform the quantum FFT to obtain the
j=1

Output: A random m-bit number j (i.e., 0 < j < M) from the probability distribution Prob[j] = | 32|
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Periodicity

3
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Suppose |a) = (ao, ..., am—1) is such that
a; = IfZE] mod k
Moreover, suppose that exactly one of the k numbers ag,

that |«) is periodic with period k and offset j.

., Qx—1 iS NONZEro, say «;.

Then we say
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Quantum FFT for periodicity
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Suppose the input to quantum Fourier sampling is periodic with period k, for some k that divides M .

Then the output will be a multiple of M /k, and it is equally likely to be any of the k multiples of M /k.
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Computing M /k
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Suppose s independent samples are drawn uniformly from

oM 2M (k=DM
7k7 k)"'? k

with probability at least 1 — k/2°, the greatest common divisor of these samples is M /k.

«0O0>» «F» « =>»

i
v

DA



Factoring as Periodicity
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Nontrivial square root
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22 =1 mod N.

Fix an integer N. A nontrivial square root of 1 mod N is any integer x Z +1 mod N such that

If z is a nontrivial square root of 1 mod N, then gcd(z + 1, N) is a nontrivial factor of N.
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Order
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The order of x mod N is the smallest positive integer  such that z” =1 mod N.

random between 0 and N — 1. If ged(z, N) = 1, then with probability at least 1/2, the order r of =
/2

Let N be an odd composite, with at least two distinct prime factors, and let = be chosen uniformly at
mod N is even, and moreover x

is a nontrivial square root of 1 mod N.
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The Quantum Algorithm for Factoring
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The algorithm

2\

1. Choose z uniformly at random intherange 1 <z < N — 1.
2. Let M be a power of 2 near N.
3. Repeat s = 2log N times:

3.1. Start with two quantum registers, both initially 0, the first large enough to store a number modulo M
and the second modulo N.

3.2. Use the periodic function f(a) = 2* mod N to create a periodic superposition |a) of length M as
follows:

M—1
1
3.2.1. Apply the QFT to the first register to obtain the superposition Z —— |a, 0)
a=0
M—1
3.2.2. Compute f(a) = z* mod N using a quantum circuit, to get the —— |la,z® mod N
pute f(a) gaq 9 > 77 )

a=0
3.2.3. Measure the second register. Now the first register contains the periodic superposition
M/r—1

ly = >
i=0

1/ ﬁ |jr + k) where k is a random offset between 0 and r — 1 (recall that r is the order of =
mod N).

3.3. Fourier sample the superposition |«) to obtain an index between 0 and M — 1.
Let g be the ged of the resulting indices j1,. .., Js.

4. If M /g is even, then compute ged(N, /29 + 1) and output it if it is a nontrivial factor of N;
otherwise return to 1.
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Randomized Algorithms
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“algorithms which employ a degree of randomness as part of its logic”

—Wikipedia
algorithms that flip coins
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Basis

Randomized algorithms are a basis of
¢ Online algorithms
® Approximation algorithms
¢ Quantum algorithms

* Massive data algorithms

«O» «F)r «
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Pro and Con of Randomization
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Cost of Randomness
® chance the answer is wrong.
® chance the algorithm takes a long time.

Benefits of Randomness

® on average, with high probability gives a faster or simpler algorithm
® some problems require randomness.
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Types of Randomized Algorithms
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®
Las Vegas Algorithm (LV):

® Always correct

) SHANGHAI JIAO TONG
/ UNIVERSITY

® Runtime is random (small time with good probability)
e Examples: Quicksort, Hashing

Monte Carlo Algorithm (MC):

* Always bounded in runtime
e Correctness is random

® Examples: Karger's min-cut algorithm
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Las Vegas VS. Monte Carlo

(%) SHANGHAI JIAO TONG
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LV implies MC:

Fix a time T and let the algorithm run for T" steps. If the algorithm terminates before T', we output the
answer, otherwise we output 0.

MC does not always imply LV:

The implication holds when verifying a solution can be done much faster than finding one

Test the output of MC algorithm and stop only when a correct solution is found.
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Las Vegas Algorithm: Quicksort
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Quick Sort

53
SHANGHAI JIAO TONG
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QuickSort (x);

if © == [| then return [|;
Choose pivot ¢ € [n];
return

QuickSort([x;|z: < z:]) + [x¢] + QuickSort([zs|z: > :]);
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Why Random?
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If ¢ = 1 always, then the complexity is ©(n?).
Note that, we do not need an adversary for bad inputs.

In practice, lists that need to be sorted will consist of a mostly sorted list with a few new entries.
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Complexity Analysis

Z;; := event that ith largest element is compared to the jth largest element at any time during the
algorithm.
Each comparison can happen at most once. Time is proportional to the number of comparisons
= Zi<j Zij
Z;; = 1iff the first pivotin {,¢ +1,...,5}is ¢ or j.

e if the pivotis < i or > j, then i and j are not compared;
they will never be compared.

e if the pivot is > 7 and < 7, then the pivot splits 7 and ; into two different recursive branches so
Thus, we have

Pr(Zi] 2

T i—i+1
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Monte Carlo: Min Cuts

«O>» «Fr «

it
v

DA




. =
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The (s,t) cutistheset S C Vwithse S,t¢ 5.

The cost of a cut is the number of edges e with one vertex in S and the other vertex not in S.

The min (s, t) cut is the (s, t) cut of minimum cost.

The global min cut is the min (s, t) cut over all s,t € V.

«O0>» «F>» «» « >



Complexity

R
rf{ | SHANGHAI JIAO TONG
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lterate over all choices of s and ¢ and pick the smallest (s, #) cut, by simply running O(n?) the
Ford-Fulkersons algorithms over all pairs.

The complexity can be reduced by a factor of n by noting that each node must be in one of the two
partitioned subsets.

Select any node s and compute a min(s, t) cut for all other vertices and return the smallest cut. This

results in O(n) the Ford-Fulkersons algorithm, resulting in complexity O(n - nm) = O(n*m).
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The First Randomized Algorithm

P

\ SHANGHAI JIAO TONG

UNIVERSITY
MinCutl (G);
while n > 1 do

Choose a random edge;

Contract into a single vertex;
end

super-node.

Contracting an edge means that removing the edge and combining the two vertices into a

v
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Analysis

The chance the algorithm fails in step 1 is

2

'i SHANGHAI ]IAOTONG
= ) UNIVERSITY
w2
Proof.

3

The chance of failure in the first step is

OPT

where
and m is the number of edge

OPT = cost of true min cut =| E(S,5) |
For all uw € V, let d(u) be the degree of u

OPT =| E(S,S) |< mlnd
Dividing both sides by m we have

)< = Z d(u
uEV
| B(S,5)

<
m
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Analysis
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Continue the analysis in each subsequent round, we have

Pr(fail in 1°" step) < 2
n

. . 2
Pr(fail in 2" step | success in 1°' step) <

-1

Pr(fail in i"" step | success till (i — 1) step) < 2
n+1—1
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Analysis

. 2 -
MinCutl succeeds with > el probability.

775y SHANGHAI JIAO TONG
854/ UNIVERSITY

Proof.

Z; = the event that an edge from the cut set is picked in round .

- _ 2
i e i1 S ————
PriZi|ZinZ:n---NZ 1]_n+1_Z
Thus the probability of success is given by

_ _ _ 2 2 2
P =PriZiNZxN---NZp_2| >(1—=)(1-— 1—=
r(Succ) rlZiNZxN---N 2] > ( n)( n—l) ( 3)
n-2n-3 n-4 n-5 21 _1 1 21

= n n—-1n-2 n-3 "4 3 n n-111

2 >3

n(n—1) = n?
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A Lemma
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Suppose that the Mincut 1 is terminated when the number of vertices remaining in the contracted
probability at least

graph is exactly ¢. Then any specific min cut survives in the resulting contracted graph with
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The Second Randomized Algorithm

MinCut2 (G, k);
1 =0;
while i > % do
MinCutl (G);
i+ +;
end

pick the optimization;

If we run MinCut1 k times and pick the set of min cost, then

Pr(failure) < (1 — 2

k —2k
) S e 712
’I'L2

«0>» «F» « =>»

i
v

DA



A Useful Bound
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(I1—a)<e™®

Ya >0
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How to Choose &
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2

Setk = % log(

%) to get 1 — § success probability.
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Observation
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Initial stages of the algorithm are very likely to be correct. In particular, the first step is wrong with
probability at most 2/n.

As contracting more edges, failure probability goes up.

Since earlier ones are more accurate and slower, why not do less of them at the beginning, and
more as the number of edges decreases?
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The Third Randomized Algorithm
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MinCut3 (G);
Repeat twice{
take n — % steps of contraction;
recursively apply this algorithm;
}

take better result;
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pr(n) = 1 — (failure probability of one branch)?
=1 — (1 — success in one branch)?
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Success Probability
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Let z = log 57, by setting f(x) = pr(n), we get
fle=1) = f(z - 1)
1 H .
flz) = _ gives:

fa=1) - fa)= 5 -1 =
Thus,pr(n):O( ! )

logn

= f(z—1)*
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The Fourth Randomized Algorithm
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Repeat MinCut3 O(lognlog

6) times.
Complexity & Success Analysis: DIY!
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Linearity of Expectation
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Linearity of Expectation
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E[Z X = Z E[X]
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Sailors Problem
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A ship arrives at a port, and the 40 sailors on board go ashore for revelry. Later at night, the 40
sailors return to the ship and, in their state of inebriation, each chooses a random cabin to sleep in
What is the expected number of sailors sleeping in their own cabins

By_XJ]=) FlX]=1
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Binary Planar Partition
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Given a set S = {51, 52,

portion of one line segment).

., S» } of non-intersecting line segments in the plane, we wish to find a
binary planar partition such that every region in the partition contains at most one line segment (or a
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An EXample
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Binary Partition Tree \ niversiry e

A binary planar partition consists of a binary tree together with some additional information.

Associated with each node v is a region r(v) of the plane, and with each internal node v is a line I(v)
that intersects r(v).

The region corresponding to the root is the entire plane. The region r(v) is partitioned by I(v) into
two regions r1(v) and r2(v), which are the regions associated with the two children of v.
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The Example
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Remark
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Because the construction of the partition can break some of the input segments S; into smaller
pieces, the size of the partition need not be n.

it is not clear that a partition of size O(n) always exists.
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Autopartition
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For a line segment s, let I(s) denote the line obtained by extending s on both sides to infinity.
For the set S = {s1, s2,

., sn} Of line segments, a simple and natural class of partitions is the set of
autopartitions, which are formed by only using lines from the set {i(s1),1(s2),...,l(sn)}
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An Algorithm

3
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AutoPartition ({s1,82,...,8n})

Pick a permutation 7 of {1,2,.
possible permutations;

,n} uniformly at random from the n!
while a region contains more than one segment do
cut it with I(s;) where i is first in the ordering 7 such that s; cuts

that region;
end
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Analysis
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The expected size of the autopartition produced by AutoPartition is O(nlogn).
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index(u,v) = i if [(u) intersects ¢ — 1 other segments before hitting v.
u - v denotes the event that I(u) cuts v in the constructed partition.
The probability of index(u,v) =iand u 4 vis 1/(i + 1).

Let Cuv = 1 if u - v and 0 otherwise,

1
ElCu] =Prju-v] L ——————
[Cur] rluel < index(u,v) + 1

«O>» «Fr «=)» <

i
v
it

DA



Proofs
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Pr(partition numbers) = n + E[> > Cu.]

=n+»_ Y E[Cu]
:n+zzpr[u4v]

u vFEuU

1
= n+;§inde:ﬂ(u,v) +1
n—1 2
§n+zz
uw  1=1

141

<n+2nH,
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Probability Basics and Fundamental Inequalities

«O>» «Fr «

it
v

DA




- - /*‘ﬁii\ HANGHALI JIAO TONG
Central Limit Theorem @) por

UNIVERSITY

Let X;...X,, be i.i.d. random variables. Define X = >"" | X;. Thenas n — +oco, we have
X ~N(nE(X;),nVar(X;)).

This implies that the average of n i.i.d. random variables approaches X ~ N(E(X;), ¥,

n

We have Var(X;) = E((X; — E(X;))?) = 1/4. Therefore, for n = 1000 we have

a_\/VarZXi_\/ZVarXi_\/n/ = /250 ~ 16

We can expect to be within 20 (95% chance), so we probably get 470 to 530 heads. 600 is a big
surprise!
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Chebyshev’s Inequality

Markov’s inequality

Pr[yzt]éM

Let X be a non-negative random variable. It is the case that: E(X) > tPr[y > t], therefore:
t
Chebyshev’s inequality:

Let X a random variable of variance o2 that can now take negative values. It is the case that:

Pr{|X — E(X)| > to] <

12
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Applying to Coins
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Applying Chebyshev’s inequality to » coins such that £(X) = np and Var(X) = %, we have:

1
Pr(|X — E(X)| > to] < =

For n = 1000 coins, the probability of | X — 500| > 20 is less than <. In other words, we expect with
probability greater than 3/4, the number of heads to be between [468, 516].
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Randomized Complexity Classes
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P: Deterministic Polynomial Time. We have L € P iff there exists a polynomial-time algorithm that
decides L.

NP: Nondeterministic Polynomial-Time. We have L € NP iff for every input = € L there exists some
solution string y such that a polynomial-time algorithm can accept z if z € L given the solution y.
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Randomized Complexity Classes
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PP: Probabilistic Polynomial. L € PP iff there exists a polynomial-time algorithm A s.t.
e if x € L then A accepts with probability > 1/2.

e if x ¢ L then A rejects with probability > 1/2.

BPP: Bounded Probabilistic Polynomial. L € BPP iff there exists a poly-time algorithm A s.t
e if z € L then A accepts with probability > 2/3

e if z ¢ L then A rejects with probability > 2/3.
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Relations
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RP C BPP C PP
Conjecture

P = BPP C NP
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Conclusion
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What Is Algorithm
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- - fﬁ HANGHALI JIAO TONG
Algorithm Design @) vy

Basic algorithms:

® RECURSION
® ALGORITHMS ON LISTS, TREES AND GRAPHS

Advanced strategies:

e DIVIDE AND CONQUER
® Master Theorem

DYNAMIC PROGRAMMING
GREEDY

DuUALITY

REDUCTION

APPROXIMATION
RANDOMIZATION
COMPUTATIONAL GEOMETRY
ALGORITHMS ON MASSIVE DATA
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- - \ HANGHAI JIAO TONG
Algorithms on Special Structures k‘ B o

UNIVERSITY

Graphs

e undirected graphs, directed graphs.
* DAG.

® bipartite.
® graphs with weights.

. -
Network flows

® Ford-Fulkerson algorithm, Edmonds-Karp algorithm

o e
COMPUTATIONAL GEOMETRY
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Algorithm Analysis

P

\ SHANGHAI JIAO TONG

UNIVERSITY

Big-O Notation (92, ©)

Advanced Methodology:

® PROBABILITY ANALYSIS
® AMORTIZED ANALYSIS

® COMPETITION ANALYSIS
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UNIVERSITY

- (:i' HANGHALI JIAO TONG
Standard Algorithms @) tasmior

® SORTING

® SEARCHING & HASHING

® STRONGLY CONNECTED COMPONENTS
® FINDING SHORTEST PATHS IN GRAPHS
e EDIT DISTANCES

e MINIMUM SPANNING TREES IN GRAPHS
® MATCHINGS IN BIPARTITE GRAPHS

e MAXIMUM FLOWS IN NETWORKS
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Data Structure

® BALANCE TREES, RED-AND-BLACK TREES

KRIPKE STRUCTURE, AUTOMATA
PRIORITY QUEUE
DISJOINT SET

Ordered binary decision diagrams (OBDD)
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UNIVERSITY
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Computational Complexity @) o

UNIVERSITY

Church-Turing Thesis

Complexity class

® P, NP, Co-NP, NPI, NP-complete
e PSPACE
e RP, ZPP

Handling hard problems

e Simplex, DPLL(CDCL)(backtracking)
® Approximation,

® |ocal search

® treewidth
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The Door of Algorithms Will Open!
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Guidelines of This Exam
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Algorithms in This Lecture %‘L’?ﬁf&;‘%&"“”""‘“
Algorithm Strategies

¢ divide and conquer

® dynamic programming

® greedy algorithms

e duality

® reduction

Specific algorithms
e algorithm with numbers
¢ graph algorithms
* network flows

NP problems
® NP, Co-NP, NPC
® reduction
® handling NPH problem
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First of ALL

P

, SHANGHAI JIAO TONG
& =) UNIVERSITY

Hand in ALL homework!
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Languages

P

\ SHANGHAI JIAO TONG

UNIVERSITY
The exam is given in Chinese,

with translation sheet for international students.
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/*‘ﬁii\ HANGHAI JIAO TONG
Types of the Exam Problems g;s JinoT

UNIVERSITY

M1. Show modelling ability, proof ability, and algorithm analysis ability (20°)
M2. Adopt algorithmic strategies to solve and analyze problems (greedy, D&C, DP, etc.) (30)
M3. Design algorithms and analysis on numbers, graphs, and flows. (25)

M4. Prove a NPC problem (15’)

M5. Cope with NPH problem (10°)
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Types of the Exam Problems

R
{*{ | SHANGHAI JIAO TONG
Kw ¢) UNIVERSITY

M1. Show modelling ability, proof ability, algorithm analysis ability (20°)

given an problem, try to model it formally.

proof the correctness of a simple algorithm.

give an analysis to a piece of Pseudo codes.

given a linear programming, figure out its duality, and find out the optimization solution
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Types of the Exam Problems @) vy

/’ UNIVERSITY

M2. Adopt algorithmic strategies to solve and analyze problems (greedy, D&C, DP, etc.) (30°)

® Divide and conquer (master theorem)

® Dynamic programming (design, border conditions, complexity)
* Greedy

® Reduction
e Duality
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Types of the Exam Problems @) tasmior

UNIVERSITY

M3. Design algorithms and analysis on graphs, numbers and flow (25’)

e DFS, BFS

e Shortest path, MST

¢ Algorithms on DAG

e Algorithms on numbers (modular)
® Applications of network flows
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Types of the Exam Problems

P

M4. Prove an NPC problem (15)

® Prove an NP problem

® Prove an NPC problem
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Types of the Exam Problems

‘\ SHANGHALI JIAO TONG
K UNIVERSITY

M5. Cope with NPC problem (107)

® Approximation algorithm
® Backtracking

® | ocal search
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Exam This Year @) s prorone

1 2 3 4 5 6 7 Total

M1: Modeling, proof and analysis (20’) 5 5 10 20
M2: Strategies (30’) 10 15 5 30
M3: Graph, flow, and number (25’) 10 15 25
M4: Prove NPC (15’) 15 15
M5: Handle NPH (10°) 10 10

Total 15 15 15 10 15 10 20 100
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